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ABSTRACT OF THE DISSERTATION

Multivariate Ordinal Data Analysis

with Pairwise Likelihood and Its
Extension to SEM

by

Juanmei Liu
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2007

Professor Peter M. Bentler, Chair

In many modern applications of statistical models, high-dimensional interde-
pendencies may cause standard likelihood-based inference meets difficulties. High
dimensional ordinal data, for instance, will encounter the problem of prohibitively
large computational demands. This dissertation develops the statistical theory for
a new multistage ordinal methodology in the context of structural equation mod-
eling (SEM), based on a recently developed maximum pairwise likelihood method.
Unlike earlier methods, the maximum pairwise likelihood approach maximizes an
objective function based on the product of bivariate probabilities from any two
different pairs of variables to estimate both thresholds, polychoric and polyserial
correlations. The asymptotic distribution of these estimators is used to develop
a second stage estimation and testing procedure for SEM based on generalized
least squares, and a new goodness-of-fit statistic is obtained that is asymptoti-
cally chi-square distributed. Simulation studies to evaluate the performance of

the proposed method are described and summarized.
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This method is further extended to multiple groups. Additional identification
conditions are presented and simulation studies on detection of group difference

are also provided.
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CHAPTER 1

Introduction

Categorical data consists of variables which have a finite number of values that
can be nominal, ordinal, interval or ratio data. Examples of categorical vari-
ables are race, sex, age group, and educational level. The analysis of categorical
data usually apply the use of contingency tables which present categorical data
by counting the number of observations that fall into cells. The simplest con-
tingency table is two-by-two table. However, the concepts in two-by-two table

apply equally well to more general multi-way tables.

Very often, the categorical data are actually obtained by putting thresholds on
continuous variables. For example, the final grade of a student in a statistics class
is A if his/her grade lies between 90 and 100, and B if between 80 and 89, and so
on. In social and medical science, data with ordered categories occur frequently,
either with outcomes or covariates or both. Observations on an ordinal variable
represent responses to a set of ordered categories, such as a five-category Likert
scale. Scores 1, 2, 3, ... assigned to categories are commonly treated as if they
have metric properties but this is wrong. The level of difference between the
categories makes no sense. It is only assumed that a person who selected one
category has more of a characteristic than if he/she had chosen a lower category,
but how much more seems unknown to us. For example, a marketing research
firm wants to investigate what factors influence the size of coffee(small, medium,

large or extra large) that people order at a starbucks. These factors may include



the gender of the customer, whether or not cookies are also ordered, and age of
the consumer. While the outcome variable, size of coffee, is obviously ordered,
the difference between the various sizes is not consistent, which are 6, 10, 12

ounces, respectively.

Ordinal variables have finite values and thus not continuous variables and
should not be treated as if they are. Means, variances, and covariances of or-
dinal variables have no meaning because they do not have origins or units of
measurements. The only information we have are counts of cases in each cell of a
multi-way contingency table. Until the late 1960s, contingency tables were typi-
cally applied and analyzed by calculating chi-square values to test the hypothesis
of independence. In the case of more than two variables, the chi-squares for two-
way tables were computed by researchers and then again for multiple sub-tables
formed from them in order to determine if associations and/or interactions were
taking place among the variables. The analysis of contingency table changed
quite dramatically in the 1970’s with the publication of a series of papers on log
linear models. Main contribution include S. N. Roy (1956), the emergence of
log-linear models in the 1960s and modern log-linear model era (1970s through

present). A complementary historical overview was given by Agresti (2002).

1.1 Log linear model

The log linear model is one popular approach that relies on odds ratios or Pear-
son’s correlations as measure of ordinal data association. It is one of the spe-
cialized cases of generalized linear models for Poisson-distributed data and an
extension of the two-way contingency table where the conditional relationship
between two or more discrete, categorical variables is analyzed by taking the

natural logarithm of the cell frequencies within a contingency table. Log linear



models are more commonly used to evaluate multiway contingency tables that in-
volve three or more variables, although it can be used to analyze the relationship
between two categorical variables. Therefore, log linear models only demonstrate
association between variables since no distinction is made between independent

and dependent variables.

In comparison, the logistic or logit regression model, which focus on the pre-
diction of one response factor, is useful when the study is interested in the re-
lationship between the categorical response variable and the categorical and/or
continuous explanatory variables. Whereas log-linear models treat all variables
symmetrically and attempt to model important associations among them. In this
sense, the goal of log-linear models is to determine the patterns of dependence
and independence among a set of variables. Moreover, log linear models provide
a richer analysis of the structure of association among all factors, specially when

there is no distinction between the response and explanatory variable.

The basic strategy in log linear modeling involves computing the observed and
expected frequencies in the cross-tabulation of categoric variables. The models
can then be assessed by evaluating the difference among the two types of fre-
quencies. There are different types of model, such as multinomial model, poisson
model or product binomial model, which depend on different data collection
assumptions. The choice of a preferred model among different fitted models is
typically based on a formal comparison of goodness-of-fit statistics, i.e. x2, which
is associated with models that are related hierarchically. Ideally, the preferred
model should distinguish between the pattern of the variables in the data and

sampling variability to provide a defensible interpretation.



1.2 Limitations of log linear models

Although log linear model is a popular model for the ordered categorical data, it
has its limitations. First, when there are large number of variables, the inclusion
of so many variables in log linear models often makes interpretation very difficult.
Moreover, only a between subjects design may be analyzed. The frequency in
each cell is independent of frequencies in all other cells. Even more, log linear
model requires adequate sample size. You need to have at least 5 times the
number of cases as cells in your data. For example, if you have a 2 x 2 x 2 table,
then you need to have at least 40 cases. If you do not have the required amount
of cases, then you need to increase the sample size or eliminate one or more of
the variables. For all two-way associations, the expected cell frequencies should
be greater than one, and no more than 20% should be less than five. Failing to
meet this requirement will result in a reduced power to the point where analysis
of the data is worthless, although the Type I error rate usually does not increase.

The following strategies could be done in case of low expected frequencies:

e Add a constant, typically 0.5, to each cell. Although the type I error rate

only improves minimally, power will drop.
e Collapse categories for variables with more than two levels.

e Delete variables that are least associated with other variables to reduce the

number of cells.

However, as we can see, those strategies may change the raw data ( i.e.,
number of variables or categories is reduced) and thus associations between the
variables can be lost. The power, as a result, will be reduced for testing those asso-

ciations. Because of the limitations of log linear models, an alternative approach,



Grouped Continuous Model (GCM) and Conditional Grouped Continuous Model
(CGCM) will be the focus of this research.



CHAPTER 2

GCM and CGCM

2.1 Grouped Continuous Model

2.1.1 Polychoric correlation

The Grouped Continuous Model (GCM) postulates the existence of an underly-
ing multivariate normal distribution for the latent variables. It relies on poly-
choric correlations to model the correlation structure of the data. The tetrachoric
correlation (Pearson, 1901), for binary data, and the polychoric correlation, for
ordered-category data, are excellent ways to measure rater agreement. Poly-
choric correlation is an extension of tetrachoric correlation when the bivariate
normal is polytomized. They estimate what the correlation between raters would
be if ratings were made on a continuous scale; they are, theoretically, invariant
over changes in the number or "width” of rating categories. The tetrachoric and
polychoric correlations also provide a framework that allows testing of marginal
homogeneity between raters. Thus, these statistics let one separately assess both
components of rater agreement: agreement on trait definition and agreement on

definitions of specific categories.

Another statistic measuring the strength of association or dependency be-
tween two categorical variables in a contingency table is Cramer’s V (H. Cramer,

1999). Different from Pearson’s correlation and Polychoric correlation, Cramer’s



V is a correlation coefficient that indicates the relationship among two categori-
cal variables. It is similar to Pearson’s correlation coefficient for two quantitative
variables. Like Pearson’s coefficient, Cramer’s V ranges from -1 to 1, with 0
indicating no relationship and -1 or 1 indicating a perfect relationship. Also
like Pearson’s coefficient, the square of Cramer’s V indicates the proportion of
the total possible association (i.e., the maximum possible value of the chi-square

statistic) that is present in the data. ¢ coefficient is a special case of Cramer’s V.

Despite these similarities, Cramer’s V is more difficult to interpret for several
reasons. First, the maximum possible association (chi-square) is related to the
sample size and the number of levels of each categorical variable. Thus, just
changing the definitions of the levels of a categorical variable can change Cramer’s
V. Also, small values of Cramer’s V often correspond to quite large proportional
differences between groups, so the proximity of V to 0 can be misleading. These
problems suggest that it is more reasonable to compare proportions than it is
to focus solely on Cramer’s V. If V is used as a measure of a relationship, it
should be a secondary index that is interpreted in conjunction with a discussion

of proportional differences.

The benefit of applying polychoric correlations is that they do not restrict
the correlation parameter space, since they are just the usual pairwise corre-
lations between the continuous latent variables. Unlike Pearson’s correlations
and Cramer’s V, the number of polychoric correlations does not increase with
the number of levels of an ordinal variable, a common problem with using odds

ratios.



2.1.2 Definition of GCM

The GCM was introduced by Anderson and Pemberton (1985). Let the ordinal
vector Y7 = (y1,...,yg) be observed Q dimensional outcome vector which is of
interest, where y, indicates the qth variable, which has I, + 1 levels: 7, < 72 <

. < néfl“, q=1,..., Q, where 7" is a possible value which y, may take, m = 1,

. lg + 1. It is assumed that underlying Y is the unobservable continuous latent
vector ZT = (21,...,2g), which has the same dimension as Y. With categorical
Y variables, the scale of the latent response variable Z is indeterminate (Muthen,
1984). Without loss of generality, let Z follows a normal distribution with mean
0 and correlation matrix R. i.e.;, Z ~ N(0,R), where R is a Q x Q correlation
matrix. The relationship between y, and z, is: y, = 7}, <= o' < 2, < af,
where o, is the ith threshold for the variable z,. For easy notation, define o
=-0c0 and ot =+ 00,i=1,2, .., 1, +1,q=1, ..., Q Without loss of
generality, it is assumed that né =i fori=1,2 ..., 1, +1

Let I” = (iy,...,ig) be a possible value of Y. Then

Oéil OLZQ
PrY=1) = / L r2yaz (2.1)
al OéQ

where f(.) is the standard multivariate normal density of z. This gives the
grouped continuous multivariate ordinal probability for Pr(y;). The parameters
of this model include the thresholds and the upper (or lower) triangle elements r
of R, with r = vech(R), which may be estimated by maximizing the log likelihood

function:

Q

. f(Z,R)dZ) (2.2)

1(6) = Y n(i)leg /

where n(i)) is number of observations with Y = L.



Besides the fact that the number of polychoric correlations depends only on
the dimension of ordinal vectors, but not on the number of levels of an ordinal
variable which will increase the number of Pearson’s correlation. Another advan-
tage of GCM is that it can be extended very easily to mixed data with ordinal
and continuous variables, whose latent variables are assumed to be jointly nor-
mal distributed. This is called Conditional Grouped Continuous Model (CGCM)
because we see in the following section that the conditional distribution of latent

variables given the continuous vector is being modeled.

2.2 CGCM

CGCM is a model which extends the GCM to include continuous outcome vari-
ables. Consider a vector ST = (sy,...,s¢) of continuous variables in addition to
Y, such that S and Z are jointly normally distributed with E(S) = u, var(S) =
Y, and cov(S,Z) = Xgz. That is,

S L Ygs sz
~ N( ) )

Z 0 T, R

Therefore, the conditional distribution of Z given S, Z|S, is multivariate nor-
mal distributed with mean pzis = &3, (S — p) and covariance matrix 3zg =

R - Egzzs_slzszi
Z|S ~ N (pzs, Xzs)

Rewrite Yzg = DR*D, where D is a diagonal matrix with diagonal elements
be the inverse square root of the diagonal elements of 3zg and R* is the cor-

responding correlation matrix. Thus, [D7'Z - B(S — u) | given S is standard-



ized multivariate normal with mean 0 and correlation matrix R*, where B =

D 2L,
D-'Z—B(S — ]IS ~ N (0, R")

Now we can apply equation (2.1) to calculate the conditional grouped contin-

uous multivariate ordinal probability for Pr(Y|S):

; i
T 0@

Pr(Y =1|S) = / . /j F(Z*, RY)dZ* (2.3)

Uy

where Z* = [D™'Z — B(S — p) ] is the transformed variables from Z and R* in

this context is called the conditional polychoric correlation matrix of Y.

The log likelihood function is:
[(0) = logPr(S) + logPr(Y|S) = 1(01) + 12(02) (2.4)

where log Pr(S) is the log likelihood function for the continuous vector S, and log
Pr(Y]S) is the log likelihood function for observed ordinal vector of Y given the
observed continuous vector S. 6y = {u, X4 } is the mean and covariance matrix
of S. 5 include also the mean and covariance matrix of S, the thresholds for Y,
a, the polychoric correlations for Y, R and the polyserial correlations between
Sand Y, B,,. ie., 6y = {u, vech(X), a}, vech(R),vech(Xxz)}. Note, dq is the
gth diagonal element of D and ﬁg is the qth row of B, denoting the polyserial

correlation between y, and S.

It is extremely complicated to do the maximization because #5 also include
elements of #; and we can’t maximize [;(0;) and l5(fs) separately. Usually, and
throughout literature, a transformation of parameters is required (Poon and Lee,

1987). Define 72 = vé%—ﬁqTx, where vé = ozf]/dq—i—ﬁqT,u. Here d, is the qth diagonal

10



element of D and 3] is the qth row of B, and 67 = —oco, dls*! = +-00. Maximizing
the likelihood in terms of the standardized parameters usually will significantly

simplify the estimation problem. Then, 65 = {7}, vech(R*), vec(B))}.

After a transformation process, the new parameters in 63 will be in one to
one correspondence with those in A5, but do not include #; any more. Therefore,
the maximization becomes much easier as the two functions can be maximized
separately:

Mazxg 1(0) <= Maxy, 1(01) + Mazg; 1(03)

It is obvious that the sample mean X and sample covariance matrix S¢s are the
maximum likelihood estimator (MLE). The computation task concentrates on the
second part, Maxg; [(03). Please note that when we standardize the conditional
distribution of Y|S, the thresholds o, are also standardized as &), = o, /dg+ 5] (11—
Z). Also standardized are the polychoric and polyserial correlations. Note here

By, 4 = 1,..., Q, represent the polyserial correlations between S and Y. From

this we can construct the likelihood function to estimate the parameters

N il 0@
1003) =3 log /;1.../ij,lf(z*,R*)dz* (2.5)
i=1 Y1 o)

After 65 is estimated, it is necessary to transform it back to the original

parameter 6y.

2.3 Parameter estimation with full likelihood

As we can see from above, to maximize the likelihood functions of GCM and
CGCM for parameter estimation, the straightforward maximum likelihood method

involves multiple integrals of the multivariate normal distribution functions. Ob-

11



viously, this will require a lot of computations (Lee, Poon and Bentler, 1990a).
To avoid direct calculation of multiple integrals, there is currently a lot of ongoing
work regarding different approximations, which include Gauss-Hermite quadra-
ture, adaptive quadrature, Monte Carlo methods, Laplace approximation, and

most popular approximation: Bayesian MCMC methods.

2.3.1 MLE with Fletcher-Powell

Since second derivative of the log likelihood is very complicated to derive, the
Fletcher-Powell algorithm, which involves only the first derivative, was used to

calculate the MLE (Lee and Poon, 1986):

0Pg(en,...,a0;R)
(9041»

Qj — PigQi
(L= p2)

= ¢(a;)Poal.. ., iRy) (2.6)

But as we see from the equation above, the derivative of the log likelihood still
involves Q - 1 dimension of multiple integrals. Therefore, when the dimension Q

of the ordinal vector Y is large, a computation problem exists.

2.3.2 Bayesian MCMC

Markov Chain Monte Carlo (MCMC, dynamic Monte Carlo) was introduced by
Metropolis et.al in 1950s in the field of statistical physics, and has been used
in various field of physics such as studies in liquid, magnets, and lattice gauge
theory. In 1980s, it was introduced in statistical science, and after 1990s the
combination of MCMC and hierarchical Bayesian models become a standard tool
for advanced data analysis. Now MCMC is also applied to the other fields such as
computer graphics and becoming recognized as a universal method for sampling

from multivariate distributions with unknown normalization constants.

12



In a standard Bayesian analysis, one must calculate the posterior distribution
of the unknown parameters of interest. The posterior distribution is proportional

to the product of prior information and the likelihood function
p(0]Y") o< p(8)p(Y'|6) (2.7)

p(Y']0) involves multi-dimensional integrals. Instead of working directly with
p(Y']0), the idea of data augmentation (Tanner and Wong, 1987) was applied
here. These observed data matrices Y will be augmented with the latent data
matrix Z in the posterior analysis. To analyze the joint posterior distribution
p(0, Z]Y), a sequence of 0, Z sampled from the posterior distribution will be
generated via the Gibbs sampler (Geman and Geman, 1984) as follows: At the

jth iteration with current values 6(j), Z(j):

e generate 0(j + 1) from p[0|Z(7),Y]

e generate Z(j + 1) from p[Z]Y,0(j + 1)

Under some mild regularity conditions, Geman and Geman (1984) showed
that the joint density of the observation [0(j), Z(j)] geometrically converges in
distribution to the posterior density of (6, Z|Y"). Hence, for sufficiently large j,
say J, [0(J), Z(J)] can be regarded as an observation from the joint posterior
distribution (6, Z|Y"). The rate of convergence depends on many factors, such as
starting values. For more details, please refer to Song and Lee (Song and Lee,

2002).

Yet, due to polytomous variables, it requires to simulate observations from
a multivariate truncate normal distribution. This is a well-known difficult prob-
lem in statistical computing. Moreover, full likelihood analysis would involve

the Q-dimensional normal integral and that quite apart from any computational

13



difficulties there might be fears about the robustness of the specification as it

involves higher order integrals (Cox and Reid, 2004).

2.4 Parameter estimation with other approaches

Yet, instead of approximation of full likelihood, the widely used methods now
separate the full likelihood into several parts as several objective functions. e.g.,
Lee, Poon and Bentler (1990b), Muthen (1984). By doing this, the problem
of integration of high dimensional normal integrals at the heart of the iterative

procedure is avoided. There are mainly two approaches.

2.4.1 GCM simultaneous estimation with two way marginals

For ordinal vector Y with Q dimensions, this approach will first divide Q ordinal
variables into % different pairs. Then for each pair, which can be seen as in

the form of two way contingency table, apply Olsson (1979) approach.

Olsson (1979) estimated the polychoric correlation in a two way contingency
table, which became the basis for most of the later work on more general models.
For ordered variables y; and y,, which has s and r categories respectively, let n;;
and 7;; be number of observations and probability with y; = i and y, = j. Also

let p be the polychoric correlation between y; and y,. Then the log-likelihood is:

i=1j=1

One approach to estimate the parameters is to simultaneously estimate the
parameters p, the polychoric correlation coefficient, and a4, ..., a,_1, by, ..., bs_1,

thresholds for y;, yo. Parameter estimates are obtained via the following three
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equations from partial derivatives with respect to the parameters:

_izn”{% ala j ¢2(az 1, ) ¢2(az, j— 1)"‘@52(@@ 1, i — 1)} (29)

7,1]1

Ol i ”(k+1)j)¢ (ax) {®; (b; — pax) o (bj—1 — pak)}

- 2.10
Jay j=1 Tkj  T(k+1)j ' (1 — p?)1/2 ! (1— p?)1/2 ( )

e L e LAl

Further, the asymptotic covariance matrix V of the parameter estimates f are
obtained from V = I~ ! where 6 is the vector of parameter estimates and matrix

I; is expected second derivatives with respect to 6 which is obtained from

"1 O (97r~
=N ” Y 2.12
S5 L ey o

Olsson’s work involves only 2 ordinal variables. For more general data with
large dimension Q (Q > 2) of polytomous variable, a suboptimal estimation pro-
cedure based on the observed two-way marginal totals was developed by Anderson
and Pemberton (1985) in dealing with a set of ordinal variables. This procedure
divides the several ordinal variables into any two different pairs. For each differ-
ent pair of total Q( 1) pairs, the above two way contingency table estimation
is applied to get one polychoric correlation and thresholds for the two ordinal

variables.
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2.4.2 GCM estimation with one and two way marginals

To further relieve the computational labor in the two way table, a second ap-
proach proposed by Olsson (Olsson, 1979) was to first estimate the thresholds
from marginals, i.e., a; = ®7'(P;) and b; = ®;'(P;), where P; and P; are
observed cumulative marginal proportions of the table. Subsequently, these esti-
mates of thresholds, considered as known, are then plugged into equation (2.9).
The asymptotic covariance matrix of the parameter estimates 6 is also of the form
(%)*1(2—?)2(%)'(%—?)*1l, where F is system of equations to get the parameter
estimates, P is the vector of cell probabilities, the covariance matrix of which is

2.

A Newton-Raphson algorithm was utilized by Olsson to solve the equations.
He also compared the results obtained from the above two methods, full maximum

likelihood and the two-step method, and the difference seems to be small.

For a large number Q (Q > 2) of ordinal variables, Anderson and Pemberton
generalized Olssen’s work based on the observed one- and two-way marginal to-
tals. In this approach, through the separation of all Q ordinal variables into many
different two-way contingency tables, threshold estimation is based on one-way
univariate marginal totals, while the polychoric correlation estimates are based

on two- way bivariate marginal totals treating threshold estimates as known.

Consider a sample of N observations taken from the joint probability Pr(y =
i). Let n(i) be number of observations with y = i. Define n(i|r) the one way
marginal totals for y,.. Since the marginal distribution of Z, is N(0,1), therefore

the marginal probabilities for y, are given by
P(ilr) = Pr(y, = i) = ®[a)] — @[’ Y],i=1,...,1, + 1 (2.13)

where ®].] is the standard normal cumulative distribution function.
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Thus, the marginal log-likelihood for the rth categorical variable y,. , is

lo41
lax] = > n(ilr)log[P(i|r)] (2.14)
i=1
Maximizing above equation with respect to o = !, ..., alr, this gives marginal

maximum likelihood estimates in form of a probit function,
ar =o' [(1/N) S n(ilr),m=1,...,1. (2.15)
=1

Let p,.s be the rth row and sth column element of the correlation matrix R.
To estimate p,s, define n(i, j|r, s) the two way marginal totals for y,. and ys. The

joint marginal probability for y, and y; is:

P(@ﬂﬁ 5) = PT(Z/ =1, Ys _J>f i 1f ($17$2)d5€1d$2

where f(.,.) is the standardized bivariate normal density function. Hence the
marginal log-likelihood for the (r,s) marginal table is
lr+11+1

b [Gies g, pre] = 323 nlis i, $)log PG, jlr, )] (2.16)

i=1 j=1

This is a function of p,s and estimated «, and ag. Maximizing above equation
with respect to p,s after plugging in a,, as , we can get the polychoric correlation

estimate from this two-way marginal total.

2.4.3 CGCM estimation

For CGCM, which contains continuous vector S, the polyserial correlations should

be estimated additionally. Currently there are mainly two approaches for CGCM.

In the first approach (Muthen, 1984), all thresholds are estimated from one
way marginals. Treating the estimated thresholds known, the polychoric correla-

tions are then estimated from the two way contingency table. This was exactly
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the same as above simultaneous estimation with one and two way marginals.
Each polyserial correlation is then estimated from the conditional distribution of
ordinal variable on the continuous variable. This is approached by the standard-

ization the continuous variables first.

In the second approach, a partition method (Poon and Lee, 1987) is applied.

e Based on the sample mean and covariance, for each ordinal component
variable, y;, i=1, ..., Q, the polyserial correlations between x and y; are
estimated based on the observed random sample corresponding to (S, ;).
Since the dimension of y; is one, the Newton-Raphson algorithm developed
in Lee and Poon (1986) can be employed to get the maximum likelihood
estimates. This gives the so-called partition maximum likelihood estimates

of polyserial correlations and a set of thresholds estimates.

e Fori, j =1, ..., Q, ¢ < j, the polychoric correlations p;; between the
observed frequencies corresponding to y; and y; are estimated based on

above simultaneous 2-way marginals.

The asymptotic normality properties of the partition maximum estimates were

developed in 1995 (Lee, Poon and Bentler, 1995).

The above mentioned non-full likelihood methods involve calculation of up to
bivariate integrations, thus have the advantage of requiring much less computer
time and effort than the maximum likelihood method. However, estimation of
the parameters is done separately for several models with common parameters,
which causes a loss of information because these partitions are not independent
(de Leeuw, 1983). And since they are not simultaneous, it remains a problem
on how to combine the multiple sets of threshold estimates to obtain the final

estimates.
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CHAPTER 3

Maximum Pairwise Likelihood

3.1 Definition of pairwise likelihood

The pseudo likelihood, pairwise likelihood, has recently received a lot of atten-
tion. It originated from the composite likelihood approach (Lindsay, 1988) and
has become popular in many fields. Kuk and Nott (2000) applied the pairwise
likelihood analyzing clustered or longitudinal binary data. Fu et al (2000) applied
it for the multivariate ordinal probit model to estimate the parameters including
regression coefficients, thresholds, and polychoric correlations. They proceeded
via a non-linear weighted least squares method. Heagerty and Lele (2000) pro-
posed a pairwise distribution on binary spatial data. Cox and Reid (2004) further
investigated the asymptotic properties and the conditions under which consistent
estimators of parameters may obtain. Varin and Battisti (2006) showed how this
methodology worked successfully on ordinal time series data within the class of
autoregressive ordered probit models. They also emphasized its potential useful-
ness for methodology inference and model selection within more general classes

of models.

The pairwise likelihood is a product of bivariate likelihoods for within cluster
pairs of observations, and its maximizer is the Maximum Pairwise Likelihood

Estimator (MPLE).

Let l;jx = logP;(yij, yir) denote the bivariate log-likelihood based on obser-
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vations j#k in cluster i. By summing over all distinct pairs (j,k), j > k in cluster
i, we obtain the pairwise log-likelihood based on cluster i, l; = >7%, Zf;ll Lijk,
where n; is cluster size for the ith cluster. By summing over clusters, we obtain

an over-all pairwise log-likelihood, I, = >, I;, where M is the number of clusters.

The assumptions behind the pairwise likelihood approach are not strong. Only

bivariate normality between each pair of variables is assumed.

3.2 Maximum pairwise likelihood approach for GCM and
CGCM

De Leon (2005) proposed the maximum pairwise likelihood (MPL) approach to
GCM and CGCM, and he did a small simulation to show the performance of
the parameter estimator. This is a special case of the pairwise likelihood with
equal cluster size. Let 6 be vector of parameters of this model, which include
the thresholds and polychoric correlations, i.e, § = (@, ?)/. The pairwise log-

likelihood function for 0 is defined as:
lp(9> = Eililzq«p liqq/ (31)

where l;4, is the bivariate pairwise log-likelihood function for y, and y,,.

Similarly, the pairwise log-likelihood function for # is defined as:

[(0) = logPr(S) + logPr(Y|S) = 1(01) + 12(02) (3.2)

and

iQ
vQ * * *
ig-1 f(Z >R )dZ (33)

Q

1(62) = gz()g / ]
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3.3 Parameter estimation of pairwise likelihood

The parameter estimates can be obtained by maximizing [,(f). And the maxi-
mizer, 9;,, is called the Maximum Pairwise Likelihood Estimator (MPLE). Define

the pairwise score equation S(f) as

S(0) = 1,(0) = ZN | 8yeq Oligy /00 = 0, (3.4)

This equation can be solved via a modified Fisher scoring algorithm. Specially,
the first and second derivative of [,(f) are required for estimation. These are

given in the appendix 9.1 (for GCM) and 9.2 (for CGCM).

3.4 Asymptotic theories on pairwise likelihood

Assuming that the partial derivative with respect to # can be passed under the

integral sign, the pairwise likelihood function shares a common character with

full likelihood:

Theorem 1: E[l,(6)] = 0

Proof: Eglly(0)] = <1 B[ ZlogPr(X;, X|0)]

= %o [ S P Pr(X;, Xol0)dv (jk)
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Let ép be the maximum pairwise likelihood estimator (MPLE) of a data with

sample size N and 6y be the true value of 4. It follows from the standard theory

~

of estimating equations that, under certain regularity conditions, ¢, is consistent

and asymptotically normal.

Theorem 2: v N(6, — 6)) — N(0,A), where

A = NIE(~l(00)] 7 [SH Ely, (60)y: (80) 1B (=1, (60))~']")

Proof: First, taylor expansion around 6y:

0 = 1,(6p)1,(60)+1,(8)(8,—60), where § is within neighborhood of 6. Specially,

6 — 6, when N — oo. Therefore,

by — b0 = (=1,(8))""i5(60) (3:5)

From Central Limit Theorem, and because FEy, [lp(éo)] =0,

1
ﬁ

with Var(lp (90)) = E[lpz(eo)lpz(QO)T] - E[lpz(eo)]EUpz(QO)]T = E[lpz(00>lpz<00)T]v

i

i00) = VR S0 00) = Z € NOVar(ip(@0)  (36)

equality holds from Theorem 1.

Therefore,

(%) — (—~:4(0)) 7' Z (3.7)
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From Law of Large Numbers

Oy b, 60 (3.5)

Combining above three equations,

VN (0, — 00) = [~ 2217 i (6) — N(0,A)
A = [E(~1y, (60)] " Ell, (B0)ly, (B0) [ E(~1y, (60)) "

= N [B(=Lp(00)] [ Ely, (00)ly, (00) " TE(=1,(00)) 1]

Therefore, ép is consistent and asymptotically normal with asymptotic covariance

matrix [B(~1,(00))] ' [Ziy Ely, (B0)ly, (00)"|[E(~1,(60)) )"

The pairwise likelihood approach for GCM and CGCM is more conceptu-
ally appealing because it entails maximizing a single objective function, the log-
likelihood function, to obtain a single set of parameter estimates. Unlike the
marginal estimation method, no extra work is needed to combine the several sets
of parameter estimates. Moreover, the well developed statistical properties of
parameter estimates are useful for further inference. Specially, the asymptotic
normality and consistency property of MPLE allows it to do estimation under
restricted parameters. This is an unique features of MPLE which make it distinct

from other estimators introduced above.
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3.5 MPLE in hypothesis testing

In a variety of modeling situations, it is hypothesized that parameters are re-
stricted. However, this is not the case with MPLE. We will see below how the
MPL method can do estimation under restricted parameters, to allow for hypoth-

esis testing purpose.

3.5.1 Wald tests

For example, a psychological test theory application may inquire whether the
thresholds for several variables are equal, or the intraclass correlation model re-
quires that all correlations in R are equal. Because of normality of the MPLE
distribution, Wald statistic can be applied here to test for different forms of

restricted maximum pairwise likelihood models.

First, The simplest form of hypothesis states that the parameter are equal to
specific values. That is, Hy: 6 = 6y, with dim(f) = d. To test this hypothesis,

we will construct the test hypothesis Z,,,4 as:
Zwald = (ép - HO)TE_l(ép - 90) (39)

where ép is MPLE and ¥ is its covariance matrix. Under Hy, Z,qq follows a X¢21

distribution. We reject Hj if it is too large.

Second, for the hypothesis which puts restriction only on part of the parame-
ter. Let Op1 = ((01)gx1, (02)(p—g)x1). The hypothesis is on 0, Hy: 65 = 5. Now
define

Zwald = (é2p - 6)20)T§32_21(é2p - 6)20) (310)

where Y99 is its covariance matrix of 65, . Under Hy, Zyqq follows a X?)—q distri-
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bution. We reject Hy if it is too large.

Finally, for the generalized form of hypothesis, Hy: 1(6y) = 19, where n: Z,41
— Opx1. Then
Zpatd = (n(ép) - nO)TV_l(n(ép) — o) (3.11)

where V. = ¢'(6)72¢ (6y), with ¢'(6y) = 8"9(50). Under Hy, Zypaa follows a x37

distribution. We reject Hj if it is too large.

3.5.2 PLRT

We may also develop a parallel likelihood ratio test procedure, called a Pairwise

likelihood ratio test (PLRT):

Let Xi,..., X, be a sample from density f(z|0), where § C © C R*. To test
Hy: 0 € ©g versus Hy: 0 € © - Oq for a given subset Oy of ©. Let (9; be the
MPLE over ©, and ép be the MPLE over ©.

Theorem 3: Suppose Hy: 01 = 0 ... =0,, where 1 < r < k. Suppose that

the true value 6, satisfies Hy. Then

A= _2[lp(9;) - lp(ép)] — i1 )‘iX%i .

Proof: Expand [,(6) about 0,:

A~

L(0) = (6,) + 16,00, — 6,) - (0 — 6, =2 (05 — 6,)

p 2

Therefore,

~

A= _Q[ZP(Q;) — Lp(6p)] = (0; - ép)Tl;(é)(‘g* - ép) (3.12)

Under simple Hy : € = 6y, then 6; = @y and
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A = v, — 607122 (6, - ) (3.13)

n
From Theorem 2, v/n(6, — 6y) — N(0,A)
From LLN, 2O —, B[ (6,)]

Therefore, \ — 37, \ix3,;, where \;, i =1, ..., q are nonzero eigenvalues of

AY2HAY2, Tt’s easy to show that q = r, and H = E[l,(6))].

To find the asymptotic distribution of /n(6; — ép) in general, expand ip(H;)

around 0;,:
ﬁlp(ep) = ﬁlp( p) + \/—lp(‘g)(‘gp ep) = pn ﬁ(ep - ep) (3~14>
~ E(lp(%))\/ﬁ(@;f - 9:0)
Thus,
. s . 1
\/ﬁ(ep - ep) ~ E(lp(go)) lﬁlp(ep) (3-15)
and plug into (3.12):
| L1
A~ ﬁlp(ep) E(ly(60)) ﬁlp(ep) (3.16)
To find the asymptotic distribution of ip(H;), expand about 6y:
1., . 1 . . .
ﬁlp(ep) = ﬁlp(%) + E(1,(00))v/n(6) — bo) (3.17)
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Partition E(l,(6p)) into four matrices,

rXT rx (k—r)
. Gl GQ
E(ly(6h)) =
(k—r)yxr (k—r)x(k—r)
GT Gs
and let

0 0
H:
(OGJ)

According to the property of 6% = (0, ..., 0, Qé*)rH, e 01(,*)k) =
argmazoce,ly(0), the last k - r components of ip(QZ) are zero, so that
Hi,(0%) = 0.

Multiply H on both sides of equation (3.17) and

1 . .

Hﬁlp(GO) ~ HE(ZP(QO))\/E(H; — 6o) (3.18)

since the first r components of 6 and 6, are zero.

Plug into equation (3.17), we find

1 . . 1

ﬁlp(ez) ~ [I = E(l,(60)) H] —=1,(60) (3.19)

B

From central limit theorem,

L1, (o) =y/nLiy(6y) — Z € N(0, Verlel®ed)

Hence,
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Talp(03) — [I = E(1,(00)) H]Z

So that from Eq. (3.16),

A = ZT(1 = E(l,(00)) H" E(Ly(00)) I — E(l,(600)) H] Z
— Z7E(, (00 ~ H)Z,
because HE(I,(6y))H = H.

Therefore, A — >7_; \ix%;, with A;, i = 1, ..., r are nonzero eigenvalues of

E[lé(eo)rfé(Go)T} [Ea'p(g(]))—l — H] E[l'p(Go)l'p(Ho)T].

n
As we mentioned, marginal estimators could not do the testing because it has
no way to estimate the parameters while the parameters are restricted. This is a

special feature of MPLE.
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CHAPTER 4

SEM with ordinal data

4.1 SEM

Structural Equation Modeling (SEM), which is also called mean and covariance
analysis, is a very powerful multivariate analysis technique that integrates regres-

sion, factor analysis and path analysis.

It is usually approached by strictly confirmatory, model development and
alternative models approach. For the strictly confirmatory approach, a model
is tested using SEM goodness-of-fit tests to determine whether the pattern of
variances and covariances in the data is consistent with the specified structural
model. However, an accepted model is only one of the comfortable models out
of which unexamined models may exist that fit the data as well or better; In
alternative models approach one may test and compare two or more causal models
to determine which has the better fit; For the model development approach, a
first model is proposed and tested using SEM procedures, when found not fitted
well, a second model based on changes suggested by SEM previous output are
then fitted, and so on until a model is fitted. By doing this, over fitting problem
may exist because the fitted model over fit the uniqueness of the data and thus
unstable. A cross-validation strategy may be applied to overcome this problem by
developing model using a calibration data sample and then using an independent

validation sample to confirm.
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Major applications of structural equation modeling include:

e Covariance and correlation structure models, which hypothesize that a co-

variance or correlation matrix has a particular form;

e Confirmatory factor analysis (CFA), which extends factor analysis so that
the structure of the factor loading and intercorrelations can be hypothesized

and tested

e Second order factor analysis in which the correlation matrix of the common

factors is itself factor analyzed to provide second order factors

e Regression models which extend linear regression analysis to allow for con-

strained weights

e Causal modeling which hypothesizes causal relationships among variables,
either manifest variables or latent variables or both, and tests the causal

models with a linear equation system.

4.2 SEM with ordinal data

To use ordinal variables in structural equation models requires other techniques
than those that are traditionally employed with continuous variables. Currently,
most ordinal data analysis in SEM applied multiple stage estimation (Muthen,
1984; Lee, Poon and Bentler, 1990). The multiple stage estimation approached

as following.

1. Obtain the thresholds, polychoric and polyserial estimates.

2. Obtain the asymptotic distribution of the above estimates.
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3. Estimate the structural parameters via generalized least squares.

We already learned from section 2.4 how the first step was accomplished. That
became the basis for ordinal data in SEM. Lee, Poon and Bentler (1995) extended
the above mentioned partition method to estimation in structural equation mod-
els. It was proved (and has to satisfy) that the joint distribution of partition
maximum estimates is asymptotical multivariate normal. And the asymptotic
covariance matrix of the partition maximum estimates were obtained for struc-
ture parameter estimation. This method (LPB) has become an integral part of
the EQS program (Bentler, 1995). Similarly, Mplus is (Muthen and Muthen,
2004) three stage limited information estimator that is proceeded by first obtain-
ing the estimator in first step (see section 2.4). The explicit asymptotic covariance

matrix was given in 1995 (Muthen and Satorra, 1995).

As we can see, the asymptotic consistency and normality of the fist step
estimator is very important and required for further extension into SEM. The
speed of convergence to normal and consistent will affect the performance of
SEM estimator. We have already seen in Chapter three that the MPLE has
asymptotic properties which satisfy the requirement in SEM. Therefore we are

interested in seeing how it works in SEM.

4.3 SEM with MPL - GLS

We extend the MPL model to include latent structures on the correlations, such

as those that can arise from factor analysis on linear relations models (e.g., de

Leeuw, 1983).

In SEM, let v be a vector of more basic parameters such that o = a(y), R =

R(7), and define r = vech(R), where dim(y) < dim(a,r). To test a correlation
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structure hypothesis, the following MPL - GLS approach is proposed.

Stage 1. Thresholds, polychoric and polyserial correlations are estimated si-
multaneously using the Newton Raphson’s algorithm. The gradient and the sec-
ond derivatives were given in Appendix. A weight matrix W which converges in
probability to A¢, the asymptotic covariance matrix of r,, is also computed at

this stage.

Stage II. The structural parameter vector v in the structure r(7y) is estimated

by minimizing the generalized least squares function
Q) = (r —r(y)" W (r—r()) (4.1)

Based on the above specifications, consider a sample of ) ordinal variables

with sample size N, we have:

Theorem 4.

(1) 4 is asymptotically consistent and normally distributed with mean -, and
covariance matrix [(%)TWA%]*H:%.

(ii) The asymptotic distribution of T = Q(¥) is chi-squared with degrees of

freedom Q(Q-1)/2 - q.

(iii) If W is chosen other than the one which converges in probability to the
asymptotic covariance matrix of 4, then T is a mixture of chi-square variates with

one degree of freedom.

(iv) If in (iii) all the eigenvalues are equal, then a rescaling of T gives an

asymptotic chi-squared variate.

Proof: Since W was chosen to converge in probability to A¢, and ¥ is the

minimum x? estimate, based on theory of Ferguson (Ferguson, 1996), (i) holds
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automatically.

In practice, if A¢ is nonsingular, W can be chosen as A¢. In the case that
A is singular, W may be chosen so that W1 is a generalized inverse of A¢, i.e,

AC w-! AC = Ac.

In this case, T = Q(¥) follows a chi-square distribution with degrees of free-

dom Q(Q-1)/2 - q.

If W is a positive definite matrix which does not converge to A in probabil-

ity, then T — 3%, \;x2,, where \'s are nonzero eigenvalues of the AZV/2WAZ1/2,
Y. =1 X1i i c c

A special case of (iii) is when all the eigenvalues of AZY/2W A2 are equal,
then T — 7, Aixf = AX{, x] — Ax2. Therefore, a rescaling of T, T is a

chi-squared variate.
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CHAPTER 5

Simulation studies

Compared with other multiple stage approaches, the MPL-GLS procedure may
be more robust since it maximizes a single objective function in stage I. To
evaluate this, several simulation studies were conducted using the MPL-GLS
procedure. We began with the first stage parameter estimates and compared
them with current methods. Later on, second stage model parameter estimates
and standard errors were evaluated and the test statistic, T and its distribution
were assessed. We proceed from small simulations to simulations including more
and more variables. At the same time, the power of the test statistic was also

considered.

5.1 First stage simulation

5.1.1 A small simulation of first stage estimation

We first conducted a small simulation study to assess the performance of maxi-
mum pairwise likelihood estimates. The aim of this small study is to get a gen-
eral view of the MPLE performance, and find out if further a larger simulation

is needed.

In this study, random samples with sample sizes N=100 and N=500 were

generated from a 3-dimensional multivariate normal latent distribution with cor-
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relation matrix R, hence Q =3. The data z, ..., zy were then transformed into
Y1,---,Yyn using a set of pre-assigned thresholds with a17=-0.5, a15=0.5, ag; =

—0.8, Qg9 = 06, 0531:0, Q39 = 1.2 and

1 01 0.9
R={[01 1 05
0.9 05 1

For each sample with sample sizes 50 and 100, the thresholds aq1, a9, a1,
(a9, (i31, (iza and polychoric correlations r15, 713 and ro3 were estimated using
the pairwise, partition and maximum likelihood method respectively. This was
replicated for a total of R = 20 times, and the average estimates were calculated

for each estimation methods. The results are listed in Table 5.1. Table 5.2 re-

ports the root mean-squared error RMSE = \/Zfil(éi —0;)?/R to measure the

accuracy of estimates.

As we can see from Table 1, even when the sample is as small as 100, all
three methods are not far away from the true value. From Table 2, for all three
methods the RMSE for both threshold and polychoric estimates decrease as the
sample size increases from 100 to 500. Furthermore, the polychoric correlation

estimates do not seem to be affected by extremeness of the true parameter values.

When sample size is 100, most MPLEs are slightly better than partition
method, for those that are not, the difference is very small. When sample size is
500, all the estimates from the two approaches are exactly the same, except for
a very slight difference on the estimates of polychoric correlations. Overall, from
this small simulation, the MPL and partition estimates perform as well as the

MLE in terms of both average bias and RMSE. This small simulation provides us
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True Parameter N =100 N =500
MLE | Partition | MPLE | MLE | Partition | MPLE

Thresholds

a11=-0.500 -0.405 -0.465 -0.485 | -0.473 -0.493 -0.493

a12=0.500 0.574 0.513 0.501 | 0.518 0.497 0.497

a21=-0.800 -0.775 -0.810 -0.808 | -0.788 -0.801 -0.801

22=0.600 0.669 0.627 0.632 | 0.622 0.611 0.611
as; =0 0.082 0.010 -0.007 | 0.018 0.001 0.001

a32=1.200 1.289 1.229 1.221 | 1.234 1.205 1.205

Polychoric correlations

p12=0.100 0.120 0.099 0.084 | 0.100 0.101 0.100
p13=0.900 0.911 0.916 0.919 | 0.898 0.896 0.918
p23=0.500 0.495 0.484 0.475 | 0.500 0.501 0.501

Table 5.1: Mean estimates of MLE, Partition estimates and MPLE

a basic information on how the estimates work. However, to make any reasonable

conclusion, we need larger dimension data simulation.

5.1.2 A larger first stage estimation

In this simulation, we generated Q = 10 dimensional normal vector Z, with mean
vector 0 and correlation matrix R, all the off diagonal elements of which are 0.8.

7, was then truncated into ordinal vector Y, with equal thresholds -0.3 and 0.8.

With sample size 100, 200 and 500, each with 100 replications, R 2.6.1 was
used to generate the Mplus estimation which applied the two way marginals. EQS
6.1 was applied to create the MPL estimates. We may compare the consistency

of MPLE with the two way contingency table estimation.

To save space, only selected the estimates are displayed here. The standard
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True Parameter N =100 N =500
MLE | Partition | MPLE | MLE | Partition | MPLE

Thresholds
11 0.184 0.165 0.149 | 0.078 0.066 0.066
12 0.132 0.133 0.122 | 0.078 0.071 0.071
21 0.100 0.095 0.099 | 0.062 0.059 0.059
22 0.126 0.100 0.100 | 0.052 0.048 0.048
Q31 0.149 0.133 0.106 | 0.069 0.051 0.051
Q32 0.174 0.159 0.159 | 0.100 0.091 0.091

Polychoric correlations

P12 0.127 0.139 0.120 | 0.048 0.040 0.040
P13 0.036 0.044 0.050 | 0.017 0.018 0.047
P23 0.099 0.119 0.117 | 0.043 0.043 0.042

Table 5.2: Comparison of RMSE of MLE, Partition estimates and MPLE.

error estimates are also omitted because they are also close to each other. The
mean and Root Mean Square Error (RMSE) obtained from the 100 replications
are provided in Table 5.3. The two estimators are close to each other. This
pattern is not affected by the sample size. In common, both estimator get more

and more closer to the true value 0.8 as sample size gets larger.

The first stage estimator is consistent and asymptotically normal. And this
is a requirement for this method to be extended to SEM. Now we look at the

performance of second stage estimator, the structural parameter estimator.

37



Sample size MPLE Marginal

rl2 | r23 | r34 | r46 | b8 | r12 | r23 | r34 | r46 | rd8

n =100
mean 797 | .804 | .800 | .804 | .795 | .797 | .803 | .799 | .804 | .795
rmse .051 | .054 | .059 | .051 | .055 | .051 | .054 | .060 | .051 | .055

n =200
mean .800 | 796 | 797 | .801 | 797 | .799 | .796 | .797 | .800 | .797
rmse .036 | .038 | .037 | .036 | .041 | .036 | .038 | .037 | .036 | .041

n =500
mean .803 | .800 | .801 | .802 | .803 | .802 | .800 | .801 | .802 | .803
rmse 026 | .027 | .025 | .028 | .025 | .026 | .027 | .026 | .028 | .025

Table 5.3: Comparison of MPL estimates with marginal method

5.2 Second stage estimation: structural parameter esti-

mates

5.2.1 A small simulation on second stage estimation

Again, we will conduct a small simulation to look at the parameter estimates and
the test statistic. Because if it doesn’t work in this small simulation, there seems
no meaning to see its larger dimension performance. A one factor CFA is used

as this small simulation.

Each of the 100 replications has sample size of 100. There are 4 ordinal vari-
ables in each sample. Each ordinal variable has 3 categories. Therefore, the
parameters of this one factor model include 4 factor loadings. Results using
MPL-GLS method are compared with those using the partition method. Both
the formulae based standard errors of the estimates and the empirical standard

deviations are listed in table 5.4. We first notice that the parameter estimates
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are mutually close to each other and to the true values. We also note that the es-
timated standard errors are close to the empirical ones. Finally, the test statistic
formed by the estimates is x? distributed, as shown by the Kolmogorov-Smirnov

(K-S) test statistic.

True Parameter: MPL-GLS LPB
est. s.e est | emp s.e | est. s.e est. | emp s.e
Factor loading
v1= 0.8 0.814 | 0.070 0.074 | 0.816 | 0.067 0.075
v2= 0.8 0.822 | 0.069 0.076 | 0.824 | 0.067 0.076
v3= 0.8 0.816 | 0.069 0.076 | 0.816 | 0.067 0.077
va= 0.8 0.802 | 0.072 0.074 | 0.803 | 0.069 0.074
K-S test p-value 0.866 0.490

Table 5.4: Comparison of parameter estimates, se, and empirical s.e’s.

As the small simulation worked, it stimulated us to go further.

5.2.2 Simulation I: parameter estimation

In this simulation study, 12 dimensional multivariate normal random numbers
z = (z1,...,212) are generated from Np2(0,R), with sample size 100, 300, 500
respectively. The normal data y were then transformed into ordinal variables y
= (y1,...,¥y12) using a set of pre-assigned thresholds with ay = - 2.0, ap = - 0.5,
a3z = 0.4. So, each ordinal variable has 4 categories and the thresholds here are

symmetric and also extreme , -2.0. This procedure is repeated 100 times.

The correlation matrix R is obtained from a two-factor confirmatory factor
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analysis model

R =A®A + T, (5.1)

where A is the factor loading matrix, ® is the correlation matrix of the factors
and W is diagonal covariance matrix of error variances with ¥ = I - diag(A®A")

. The particular population values chosen are

0.95 095 095 095 095 095 0 0 0 0 0 0
0 0 0 0 0 0 095 095 095 095 0.95 0.95

1 038
08 1

KA
I

The parameters in this model include the 12 factor loadings, and the correla-
tion between the factors. Table 5.5 gives results on the parameter estimates and
standard errors from the simulation. For comparison to the formula standard er-
ror estimates, the empirical standard deviations are also reported. The n stands
for sample size, for here, it is 100, 300 and 500 respectively, mean is the mean
of the parameter estimates for the 100 samples; rmse is the root mean squared
error; s.e gives estimated standard errors; while emp.se refers to the means the

empirical standard deviation of the estimates across 100 replications.

It’s easy to see that as sample size n gets larger, the more accurate are the
parameter estimates. This is seen from the closeness of the estimates to the true
parameter and the smaller rmse values. Furthermore, the average formula-based
standard errors become closer to the empirical ones. The Lee, Poon and Bentler
(1990) method mentioned above is also applied in this simulation. The results

are omitted from Table 5.5 because they are quite close.

There is an important issue for the choice of extreme parameter value, namely

40



Tjuc .80 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘ .95 ‘

mean .94 .99 .99 .99 .99 .99 .99 .99 .99 .99 .99 .99 .99
rmse .145 .043 .043 .043 .042 .043 .042 .043 .043 .043 .041 .043 .043
se .021 .007 .008 .008 .008 .008 .008 .008 .008 .008 .008 .008 .008

emp. se .037 .012 .009 .010 .012 .013 .012 .012 .011 .011 .010 .012 .014

n =300
mean .86 97 97 .97 .97 97 97 .97 .97 97 97 .97 .97
rmse .068 .022 .022 .022 .022 .022 .022 .022 .022 .022 .022 .022 .022
se .021 .009 .009 .009 .009 .009 .009 .009 .009 .009 .009 .009 .009

emp. se .025 .010 .009 .009 .010 .009 .009 .010 .009 .008 .010 .009 .011
n =500

mean .83 .96 .96 .96 .96 .96 .96 .96 .96 .96 .96 .96 .96
rmse .043 .014 .014 .015 .015 .014 .016 .016 .015 .015 .016 .015 .015
se .018 .007 .007 .007 .007 .007 .007 .007 .007 .007 .007 .007 .007

emp. se .019 .008 .007 .008 .008 .007 .008 .008 .007 .008 .008 .008 .008

Table 5.5: MPL - GLS parameter estimates in SEM

the factor loading of 0.95. It is known that LPB method and Muthen’s three stage
method could break down in this set up. We expect that the MPL-GLS, which
at the first stage has only one objective function, may be more stable compared
with above two methods. There is, however, no broken data set for all methods.
A comparison of number of non-sensible factor loadings, with number of data sets
that broke down (Heywood Cases), are then calculated. By saying non-sensible
factor loading, we say the factor loading is greater or equal than 1, such that the

error variances would be non-positive.

For the 100 data sets with sample size at 100, the LPB gives output of 371
non-positive error variances out of 1200, and 97 data sets with Heywood cases.
While MPL-GLS gives 281 non-positive error variances and 92 heywood cases.
With sample size of 200, LPB decreases to 10 non-positive error variances and
8 Heywood cases. MPL-GLS reduces to 4 non-positive error variances and 4
Heywood cases. In summary, MPL-GLS performs slightly more robust than LPB

from this simulation.
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5.2.3 Simulation II: test statistic

We already know that under Hy, the test statistic T should follow a x? distribu-
tion. We will see from simulations how this will work. With exactly the same
design, same thresholds, dimension QQ and same two factor model for R, we gen-
erated one large sample with sample size 200000 under Hj to see whether the test
statistic T follows a 2, asymptotically. This same big sample is then divided
into many different small samples with size n = 100, 200, 300, 500, 700 respec-
tively. For each small sample, MPL-GLS is applied and a T is calculated. The
Kolmogorov-Smirnov test and the tail probabilities are calculated. In table 5.6
we present the results, giving the empirical tail probabilities at the theoretical
.01, .05, and .10 points in the xZ, distribution. We also give the K-S test results
in the last column. LPB means the two stage estimation proposed by Lee, et al

(1990).

From Table 5.6, we can observe that T asymptotically follows a x? distribu-
tion. For sample size as large as 300, the value of the one sample K-S test is
greater than .05 for MPL-GLS, allowing us to accept that T follow a x? at .05
significance level. This is not true for the LPB method. For n as large as 500,
both methods generate a well distributed T. Also, the tail probabilities from the
sample are comparable with the true values, showing that the behavior of T in
the accept /reject region becomes acceptable at around N = 700. This simulation
provides basic evidence that the proposed method is a reliable alternative to a

current approach.
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Methods | 1 % tail | 5% tail | 10% tail | K-S test P-value
n=100
MPL-GLS 5) 14 22 <.00001
LPB 10 17 22 < .00001
n= 200
MPL-GLS 1.3 3.7 7.3 0.0077
LPB 0.4 2.6 5.4 < 0.0001
n=300
MPL-GLS 0 3.0 6.0 0.056
LPB 0 2.0 5.1 0.003
n=>500
MPL-GLS 0 3.5 8.0 0.16
LPB 0 3.0 7.0 0.37
n=700
MPL-GLS 0.7 4.9 9.5 0.20
LPB 0.7 2.8 8.8 0.38

Table 5.6: K-S test of T and empirical tail probability

5.2.4 Power simulation

We have seen the performance of type I errors in Table 5.6. Now we interested
in the power of the test statistic. The power is the probability of correct rejec-
tion. We will compare the power of using MPL-GLS method with that from LPB
method. We used the same data generated from model 5.1. However, a two fac-
tor model but with some incorrect loadings is fitted. i.e., variable 2, 4, 6, 8 were
loaded onto F3, while remaining variables loaded onto Fj. In Table 5.7, the first

column is the sample size, while the second column gives four significance levels.
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The two right columns give the number of rejections out of 100 replications from

partition method and MPL - GLS method respectively.

Sample size | Significance Level | LPB | MPL-GLS
50 0.005 36 36
0.01 44 45
0.05 65 66
0.1 7 7
100 0.005 48 53
0.01 57 63
0.05 83 83
0.1 92 93
200 0.005 94 98
0.01 96 99
0.05 99 100
0.1 100 100

Table 5.7: Rejection rate on power assessment

Rejection rates are similar across the two approaches, with MPL performed

slightly better for n = 100 with significance level of 0.005, 0.001.

5.2.5 A simulation on CGCM

In this simulation study, 8 dimensional multivariate normal random numbers Z
= (z1,...,2s) are generated from Ng(0,R), with sample size 50,100, 200, respec-
tively. The normal data Z were then transformed into mixed data containing 4

ordinal variables Y = (y1, y2, Y3, Ya, 25, 26, 27, 28) using a set of pre-assigned thresh-
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olds with a; = - 1.0, as = 1.0. So, here we have C =4 continuous variables and
S =4 ordinal variables each of which has 3 categories with symmetric thresholds.

This procedure is repeated 100 times.

The correlation matrix R is obtained from a two-factor confirmatory factor

analysis model as given in (5.1).

The particular population values chosen are

A 08 08 08 08 0 0 O O
o 0 0 0 08 08 08 0.8

1 08

The parameters in this model include the eight factor loadings, and the cor-
relation between the factors. Table 5.8 gives results on the parameter estimates
and standard errors from the simulation. The residual variances are given as
(I — diag(A®A")). To compare the formula based standard error estimates with
those the empirical standard deviations, the latter are also reported using the
same notation as in Table 5.1. For each replication, MPL-GLS is applied and a T
is calculated. We also test if the T follows a X?if distribution as expected, where df

56

= 5 - 9 =19. Finally, the probabilities associated with the Kolmogorov-Smirnov

test whose hypothesis is that T follows a x?%, are listed in the last column.
From Table 5.8, it is easy to see that as sample size n gets larger, the more
accurate are the parameter estimates. This is seen from the closeness of the es-
timates to the true parameter and the smaller RMSE values. Furthermore, the
average formula-based standard errors become closer to the empirical ones, al-
though the formula-based estimates underestimate variability in the parameters

at all sample sizes, especially at n = 50 and n =100. This might further con-
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True parameter | .80 | .80 | .80 | .80 | .80 | .80 | .80 | .80 | .80 | T (p-value)
n =30
mean 83| .84 |.83| .81 |.84|.84 | .85|.85]| .85
rmse A2 .13 (.12 .11 | .16 | .12 | .11 | .10 | .11 < .0001
se .041].02.02].03|.05].04|.03].03]|.03
emp. se A1) .13 .11 .12 ) .16 | .11 | .09 | .09 | .10
n =100
mean 82| .81 | .81 | .82 |.80|.83 | .82 | .82 | .82
rmse .08 .08 .08 |.07 .08 .07 .07 .06 | .08 0.0007
se .041.02].02].03|.05].04|.03].03]|.03
emp. se .07].08 .06 | .07 |.08 .06 | .06 .05|.06
n =200
mean .81 .80 |.81|.80|.79 | .82 | .81 | .80 | .81
rmse .06 | .06 | .06 | .06 | .06 | .04 | .04 | .04 | .04 0.1625
se .031].02].02].02|.04].03|.03].03]|.03
emp. se .05].05|.05|.06|.05]|.03|.03].03]|.04

firmed Hoogland’s comments: "It is not recommended to use the ADF standard
error estimator, unless the sample size is extremely large” relative to number of
variables (Hoogland, 1999. p.142). We can also observe that T asymptotically
follows a x? distribution. For sample size as large as 200, the value of the one
sample K-S test is greater than .05 for MPL-GLS, allowing us to accept that T

follow a x? at .05 significance level. This simulation provides basic evidence that

Table 5.8: MPL - GLS Parameter Estimates in SEM

the proposed method is a reliable alternative to a current approach.
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CHAPTER 6

Extension to multiple group

Many times, the data may come from many groups instead of a single population.
SEM analysis with multiple group or multi-sample has been widely used for cross
validation, experimental design, longitudinal analysis and cross-sectional data.
For example, compare model calibration sample with a model validation sample
for cross-validation, compare treatment group with control group in experimental
research and compare an earlier sample with that at a later time, as well as
simply to compare the female group with male group in a cross-sectional data.
The interest of multiple group SEM lies in the difference and similarities between
groups, which may be done with respect to structural parameters, namely the

factor means, factor variances and covariances, and error variances.

Although differences and similarities between groups can be studied also in
a multi-way contingency table via log linear models, only relationships between
observed variables are considered. Multiple population extension of the MPL-

GLS must be considered if we wish to study factor invariance.

For group g, g =1, 2,..., G, below is an r factor model for the latent response

vector Z9(@) x 1), which is underlying observed ordinal vector Y9(Q x 1) :

78 = 78  ASF® 1 c8 (6.1)

78 is a Q x 1 latent intercept parameter vector, A% is Q X r factor loadings

matrix, 8 is random error term with V(e8) = W8 a Q x Q diagonal matrix.
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F& is the r x 1 vector of factor scores, with mean E (F8) = 8 and covariance

matrix V (F8) = ®8. Therefore, the mean and variance of the latent vector are
E(ZB) = 78 + ABVE,  V(ZE) = ABPEAE + WE = 3& (6.2)

For continuous vector Z8, 78 represents the mean of Z& when E (F8&) =
0. While in two groups the difference between 7! and 79 indicates an intercept
difference between the group i and j, which has practical meaning. Because of
the character of ordinal vector, during the estimation procedure, 78 is usually

fixed at 0 for all g. Thus, the model used for ordinal data estimation is:
78 = AB8F® 4 8 (6.3)

This constraint does not change the factor difference among groups. Diffferent
from the standard GCM an CGCM model in chapter two, where Z is assumed to
follow a standardized multivariate normal distribution with mean vector 0 and
correlation matrix R, the value of Z depends on the factor mean, factor variance

and error variance, therefore the value of Y.

The relationship between latent variable and observed variable is:

Yo = miff o' <= A F 4+ e < ol

Therefore, multiple groups study on the difference of is directly related to the
factor mean. Thus if Y from a given group g has more higher categories than

another group f, then Y should have bigger thresholds and therefore group g has

bigger factor mean than group f.

The study of differences and similarities among groups may include the hy-
pothesis test of equality of measurement instrument across groups. For example,

G

the thresholds are the same for all groups, o' = 2= ... = a%; or invariant factor

loadings: A' = A2= ... = A% where G is total number of groups, or invariant
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error variances across groups. We may extend the MPL - GLS procedure to

multiple groups in the following two steps.

step I: For each group g, g = 1, 2,..., G, get the estimates of the thresholds
vector s] and polychoric correlations vector s§ using MPL. A weight matrix W9
is also obtained just as before. So we have a vector of (s', s%,.. ., s%), where 59 =
(s1,89)" = (of,0d,. . ..ad, 781,781, -, Thg_1))" aF, denotes the threshold vector

for the mth variable in gth group, rJ, denotes the polychoric correlation between

sth and tth variable in gth group. g=1, 2, ..., G.

step II: The model parameter vector 6 estimate is obtained by minimizing F,
the discrepancy between sample entity s and its corresponding population entity
a(0):

G / —1
Q0) =D (s = a?(0)) W (s* — o?(0)) (6.4)

g=1
Under Hy, F = Q(A) ~ x? asymptotically and the asymptotic covariance
matrix of 6 is acov(d) = (36, C9" W9 C9) 7L, where C9 = 009(0)/96". When G

= 1, a one group case, F = T mentioned in chapter 4.

6.1 Model identification

For the purpose of comparing outcomes from different groups, it is important to
note a fact that the GCM and CGCM are not identifiable. That is, there may exist
more than one set of parameter estimate which can produce the same value for the
likelihood function. This is because the observed ordinal categorical data, unlike
ratio scaled data, do not have an inherent origin or unit of measurement. Some
constraints on the model parameters are required for the model to be identified.
That is, an origin and a unit of measurement must be selected as the reference.

The minimum identification conditions are difficult to find. However, there are
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currently many different but mathematically equivalent forms of constraints used
to identify the model. Different choices of fixed values only result in changes of

scale, see reasonings given in Lee, Poon and Bentler (1990).

Some identification methods have already been implemented in softwares,
such as Mplus and Lisrel. Song and Lee (2003) used a MC method for multiple

samples with missing data.

Millsap and Tein (2004) illustrated and compared in details the different
constraints put on Mplus and Lisrel. They state "On balance, Mplus appears
at present to offer a more flexible system for invariance modeling in ordered-
categorical data” (p. 498) than LISREL. Please refer to Millsap and Tein (2004)

for more details.

Basically, what kind of constraints should be imposed in baseline model de-
pends mainly on the ordinal data type and the factor loading matrix, A. Spe-
cially, conditions depend on if the ordinal variables are dichotomous, or if the
factor loading matrix has only one column(single factor model), or if each vari-
able has only one nonzero factor loading. These will be explained in more details

below.

e v is free in all groups except the reference group, where it is 0

® is free in all groups

e Every column in A has one fixed at 1.0, and different for all variables, and

enough identification conditions as in standard confirmatory factor analysis.
e For variables that have three or more categories:

1. free but hold equal two thresholds each reference variable and one

threshold for each non-reference variable. W is free in all groups except
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the reference group, where U = I - diag(A®A").

2. In the model allows any variable to have more than one free param-
eters, free and hold equal a second threshold for each non-reference

variable.

This is corresponding to the fact that any row of factor loading matrix has

more than one free parameters. (Thus exclude any one factor model).

e For dichotomous variables that has only two categories:

1. free but hold equal for the threshold. ¥ = I - diag(A®A’) in reference
group. In remaining groups, V¥ is free in remainig groups except the
element of U that is corresponding to the reference binary variable is

1- 0, .

2. In the model allows any variable to have more than one free param-
eters, constrain other dichotomous variables other than the reference

variable to be 1 - ¥, .

By saying reference variable, we mean the variable whose factor loading is

prefixed at zero.

In summary, all factor covariance matrix elements are free. Factor means in
the reference group are fixed to zero, and free in other groups. In the reference
group, the error variance matrix is fixed as the identity matrix, a while it is free

in other groups.
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6.2 Parameter specification in a two population model:

an example

We illustrate the idea of identification conditions using an example. Consider two
data sets representing two independent population. Each data contains 4 ordinal

variables each has four categories. A one factor model is fitted to both data.

First, thresholds, polychoric correlations and the weight matrix are obtained
via MPL for each group separately. Second, Obtain the corresponding popu-
lation entity including the population thresholds and polychoric correlations in
both groups. The population entity corresponding to this model for this data are

obtained as follows:

6.2.1 Group 1(reference group) parameters o', o'

For group 1 (which is defined as the reference group), the corresponding popula-

tion thresholds o' are:

1 _ (1 1 1 1 1 1 1 1 1 1 1 1\T
o' = (agy, aqg, Qq3, Qgp, Qog, Oz, O3y, gy, 33, Qs Oy, (Ug3)

1

The corresponding population polychoric correlations, r*, is a vector built by

stacking the lower off-diagonal matrix of R!, whose diagonal elements are fixed

at 1.

R = ALIAY 4 @l

o A = (1,M, A}, A\))T is factor loading vector for group 1. Note the first

loading of 1 indicates that the first ordinal variable is the reference variate.
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e ®! is the variance for the factor in group 1

e Ul is the diagonal error variance matrix of group 1, which does not contain
free parameters because Diag(X!) = I

6.2.2 Group 2 parameters: o?, ¢

The group 2 corresponding population 7(? are the lower off-diagonal elements of
»@ .
N — A@p@A@ 1 @ (6.5)

A® = (1, AP AP, AéQ))T is the factor loading vector of group 2
e ®@ is group 2 factor variance.

e U is group 2 diagonal error variance, a free parameter vector.

v?) is the factor mean in group 2 (factor mean is fixed at 0 in group 1)
o D@ = [diag(X®]71/2 (DW is fixed as identity matrix in group 1)

2)

Based on the model, the elements, «;;’, of second group thresholds a? is

i i

i=1,..,4j=1,2,3. Dl(f) is the ith diagonal element of D and AZ@) is the ith
element of A, a;; denotes the element of a* corresponds to the jth threshold
parameter for ith variable with o* = (af;, aly, ads, ad), ay, ads, ad;, oy, a’s,
gy, Oy, af3)". Note that of; denotes the jth threshold for ith variable for group
g, g =1, 2. Some elements of & come from group 1, such as !}, this is because

the invariant thresholds condition for identification purpose we illustrated earlier.
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Therefore, the elements of o? can be written as

a®) = (D *(af; AP ®), DY #(ad,= A v), DY #(ads—A71v), D5 x(ag -
AW D), D) # (= APV®), D)+ (a3, = A1), D)+ (af, — Av®), DY) +
(03— A5 ), D x(035—AS 1), D # (o AP V), D (a3~ A1), DI+
(a5 — APV,

The model parameters for this data set include: o', A' ®!, elements without *

in a2, A®, @, g@ L@

Y Y

Finally, minimize F'(f) to get parameter estimates, where

F(0) =) (s — a9(0)) W9

g=1

1

(s —a?(0)) (6.7)

F(0) ~ X7 asymptotically. Further, the asymptotic covariance matrix acov(f) of
0 is
~ 2 T —1
acov() = > _C9 W9 C971, (6.8)
g=1

where C9 = 909(0) /00’

6.3 Simulations: comparison of group difference

To illustrate the performance of MPL-GLS in testing group difference in ordered-
categorical data, we generated three pairs of data sets from each of three true
models based on different invariance conditions. Each pair of data sets contains
two independent groups. Because of the fact that weighted least square (WLS)
estimator will need a large sample size to perform adequately well, the sample
size in each group is 3000. A single-factor model was used for four measured
variables all the time and each of 4 measured variables has 4 ordered categories.

Thus this is a congeneric case. Parameter estimates, standard errors and test
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statistics were obtained from each simulated data set. We compared some of the

results with those from Mplus 4.21. The procedure is described as follows.

1. For group 1, generate random factor score F' from a N(v!, ®') density.

Then independently generate random vector € from multivariate normal

N(0, W),
2. Calculate Z' = 71 + A'F! 4 ¢t

3. Create y; :m<:>oz;m_1 <zi<ag,,q=1..,4m=1...4

4. Repeat steps 1-3 for n = 3000 times, creating a 3000 x 4 data matrix Y!

5. Repeat 1-4 using parameters for group 2 to generate 3000 x 4 data matrix

Y2

For each pair of data sets, the chi-square values for 4 different invariance
hypothesis models were calculated below. The first underlying model is full factor
invariant which means that the thresholds, factor loadings, and error variances
are the same for the two groups. In the second underlying model, only the
thresholds are not invariant. In the third model, only the error variances are
invariant between the two groups. A sequences of hypotheses with increasing

invariance are tested sequentially on each data pair.

6.3.1 Model 1

Model 1 is full factorial invariant. This implies threshold «, factor loading A, and
error variance W are all equal for both groups. The parameter values are given

below:

o 71 =72 = (0.25, 0.25, 0.50, 0.50)7
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vt =0, d! = 1 in group 1; v? = 0.25, ®2 = 1.44 in group 2

o Ul=w2=1
o Al = A% = (0.4,0.5,0.6,0.4)"

—0.45 0.25 0.95
—0.45 0.25 0.95
-03 05 1.3

-0.2 05 1.2

Table 6.1 gives the fit results from MPL-GLS for a sequence of four hypotheses
model fit to the data generated under Model 1. The first hypothesis is the baseline
model described earlier in which some thresholds are fixed at values that are
invariant over groups. No other invariance constraints are imposed except the
loading of the first variable is fixed to one. The second hypothesis adds invariance
of the factor loadings to the baseline model. The third hypothesis adds invariance
of thresholds to the second model. The fourth hypothesis adds invariance of error
variances to the third hypothesis. For comparison purpose, the fit results from
Mplus on hypothesis model three are provided under the table, which applied

delta parameterizations with WLS estimator.

The fit results in Table 6.1 demonstrate that the four hypothesis models can
not be rejected, as expected. The chi-square value, 8.748 from hypothesis model 3
based on MPL-GLS is close to that from Mplus, 9.150 with 14 degrees of freedom.
In fact, MPL-GLS will always have the same degrees of freedom as Mplus with

delta parameterizations.

Table 6.2 provided the parameter estimates and standard errors from hypoth-
esis model 3 applying MPL-GLS and Mplus separately. Note Oz{ stands for the

jth threshold for variable i; ); stands for the factor loading on the jth measured
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Model Chi-square def p-value

Baseline 2.267 4 0.687
Invariant A 4.595 7 0.709
Invariant A, « 8.748 14 0.847
Invariant A, o, ¥ 16.231 18  0.576

Mplus: x?, = 9.150; Value = 0.821

Table 6.1: Model 1: MPL - GLS test statistic

variable(A\; = 1 in this setup). First of all, the most important information
contained in this table is the factor mean. Since the factor mean in the refer-
ence group is fixed at 0, v? is actually the group difference. Obviously, v? > 0
significantly. We therefore conclude that group 2 has significantly larger factor
mean. Also note that the last four rows of parameters are not comparable. Wq;
- Wy, are error variances in MPL-GLS procedure, while d; - d, are scale factors
from Mplus, which are the inverse of the standard deviations for the measured
variables. Except slight difference, Table 6.2 demonstrates that both parameter

estimates and standard errors provided by Mplus and MPL-GLS are close.

6.3.2 Model 2

Model 2 released the invariance of error variances. This model is identical to
Model 1 except that error variances in group one were 0.8*I, the error variances
used in group two were as in model 1. Table 6.3 was the fit results from data
generated from Model 2. Only hypothesis model 4 yields a significant chi-square
value, consistent with the theory. Again, chi-square values from MPL-GLS are

close to that from Mplus.
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Parameter MPL-GLS Mplus

Estimates | S.E. | Estimates | S.E.

ol -0.630 | 0.017 | -0.643 | 0.022
o2 -0.007 | 0.021 | -0.009 | 0.018
ol 0.642 | 0.024 | 0.656 | 0.021
al -0.650 | 0.022 | -0.669 | 0.022
a3 -0.025 | 0.019 | -0.009 | 0.019
% 0.611 | 0.021 | 0.612 | 0.021
ol -0.714 | 0.023 | -0.682 | 0.023
a3 -0.026 | 0.019 | -0.034 | 0.019
o3 0.655 | 0.022 | 0.627 | 0.021
ol -0.674 | 0.022 | -0.664 | 0.022
ol 0.011 0.018 | 0.012 | 0.018
% 0.628 | 0.021 | 0.665 | 0.021
Ao 1.157 | 0.074 | 1.171 | 0.086
A3 1.251 | 0.078 | 1.261 | 0.093
A\ 0.967 |0.065 | 1.058 | 0.079
P! 0.152 [ 0.015| 0.142 | 0.016
V2 0.070 [ 0.016 | 0.094 | 0.016
P2 0.228 [ 0.022 | 0.189 | 0.022
Wy (dy) 0.724 [ 0.048 | 0.962 | 0.028
Waa(da) 0.829 [ 0.059 | 0.981 | 0.029
W33(d3) 0.699 [0.052 | 1.018 | 0.030
Wya(ds) 0.908 [ 0.063 | 0.995 | 0.029

Table 6.2: Model 1: Comparison of MPL-GLS with Mplus

o8



Model Chi-square def p-value

Baseline 5.150 4 0.272
Invariant A 5.834 7 0.559
Invariant A, o 8.222 14 0.877
Invariant A, o, ¥ 55.120 18 < 0.001

Mplus: x?, = 8.413; Value = 0.867

Table 6.3: Model 2: MPL - GLS test statistic

6.3.3 Model 3

Model 3 is identical to Model 1, except the thresholds in group 2 are not equal

to those in group 1, but defined as

—0.45 0.25 0.75

—0.45 0.55 1.10
a? =

-0.3 0.7 1.3

—-0.2 05 1.1

Table 6.4 is the fit results from data generated from model 3. The last two
hypothesis models which carry the invariance of thresholds were rejected. This
again agrees with the theory. Even the rejected chi-square value, 154.88, from

MPL-GLS are still very close to 154.61, the rejected chi-square value from Mplus.

6.4 Simulation: multiple groups parameter estimates

From last section, we already know that MPL-GLS works very well in hypothesis
testing on group invariances or differences. Also, the parameter estimates from

MPL-GLS are consistent with those from Mplus. However, because of the nature
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Model Chi-square def p-value

Baseline 3.612 4 0.461
Invariant A 7.148 7 0.414
Invariant A, o 154.88 14 < 0.001
Invariant A, o, ¥ 191.00 18 < 0.001

Mplus: x?, = 154.61; Value < 0.001

Table 6.4: Model 3: MPL - GLS test statistic
of that simulation, we have no way to prove if the results in table 6.2 are close to
their true parameter values.

In order to make up this part, we conduct another simulation study in which
the true parameters satisfy the baseline model with identification conditions.
There are 4 ordinal variables each has 4 categories, and the sample size is 3000.

A similar data generation procedure as in last section is applied.

etl=72=90

vt =0, d! = 0.36 in group 1; v? = 0.5, ®? = 1.41 in group 2

o Ul =1
e U2 = Diag(1, 2, 3, 4)
o Al=A2=(1,08,1215)T

—0.45 0.25 0.95
—0.45 0.25 0.95
-03 05 1.3
-0.2 05 1.2
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Table 6.5 gives results from this simulation. It is easy to see that all true
values, estimates from Mplus and from MPL-GLS are very close. The standard
errors from the latter two are close to each other too. Mpius gives test statistic
with x%, = 22.55, the corresponding pvalue is 0.069. For MPL - GLS, the test
statistic is x3, = 22.86 with pvalue 0.063.
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True parameter

MPL-GLS

al =-0.45
a? =0.25
ol =0.95
ad =-0.45
a3 =0.25
as =0.95
al =-0.30
a2 = 0.50
a3 = 1.30
al =-0.20
a? =0.50
ai =1.20
A2 = 0.80
A3 = 1.20
Ay = 1.50
d! = 0.36
v? = 0.50
P2 = 1.41
Uy = 1.0
Wyy = 2.0
W33 = 3.0
Wy = 4.0

Mplus
Estimates | S.E.
-0.45 0.022
0.24 0.021
0.95 0.024
-0.46 0.022
0.26 0.021
0.97 0.024
-0.28 0.022
0.51 0.022
1.31 0.029
-0.16 0.023
0.54 0.023
1.21 0.029
0.81 0.028
1.20 0.032
1.50 0.043
0.37 0.017
0.53 0.031
1.34 0.084
1.07 0.018
2.00 0.017
2.92 0.013
3.57 0.013

Estimates | S.E.
-0.45 0.024
0.24 0.021
0.95 0.022
-0.45 0.023
0.24 0.019
0.95 0.025
-0.27 0.022
0.51 0.020
1.30 0.027
-0.16 0.022
0.53 0.023
1.21 0.026
0.84 0.026
1.21 0.033
1.51 0.049
0.36 0.018
0.53 0.036
1.28 0.078
1.06 0.021
1.95 0.017
2.83 0.015
3.47 0.012

Table 6.5: Estimates of MPL-GLS with Mplus
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CHAPTER 7

Application

The main application areas of this dissertation would include the analysis of
multivariate longitudinal and event-history data, spatial statistics, bioinformatics
social network analysis, and so on. We illustrate in some details on how it would

be applied in biomedical studies and social science.

7.1 Application in biomedical studies: clinical trials

In clinical trials, the interest lies in comparison of outcomes among different
groups. Most clinical trials are superiority trials with the aim to show a better
performance of the new drug compared to the control drug. When the control
drug is not placebo but a standard active drug, and it is conceived to be difficult
to improve upon the efficacy of that standard drug, one might consider showing
that the new drug has comparable efficacy. When the new drug is believed to
have comparable efficacy and has other advantages, for example, a much cheaper
cost, a noninferiority trial is an option. For a noninferiority trial, the aim is to
show that the new medication is not (much) worse than the standard treatment.
An equivalence trial attempts to show that the responses to two drugs/treatments
differ by an amount that is clinically insignificant (Tang and Poon, 2007). Cur-
rently, noninferiority trials are becoming quite frequent due to the difficulty to

improve upon existing therapies.
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Outcomes from noninferiority clinical trials are often seen in ordinal forms.
For instance, in the randomized controlled study on the effects of Assalix and
Rofecoxib by Chrubasik et al.(2001), outcomes were described by 228 patients

with acute back pain as 'poor’;, 'moderate’; 'good’ and ’very good’.

Biomedical studies with longitudinal designs frequently also collect data on
ordered categorical repeated measures that indicate the degree of symptoms.
For example, for binary data, it indicates the presence or absence of clinical
or biological states. Binary repeated measures can be conveniently explained
as "use” or "no use” of a certain drug in drug abuse treatment research. This
strategy brings intuitive statistical interpretation to the study of dynamic changes
in responses to treatment through time and across subjects. This has clear clinical

interpretations and usefulness.

For the purpose of comparing ordinal outcomes from different groups, we may
use the multiple group version of MPL -GLS. We can assume various factors re-
lating to the drug effect and we can test a structural hypothesis. In many studies,
the factor mean in the control group can be prefixed at 0, and the emphasis of
the test is on the factor mean of the group of interest. Factor loadings in multiple

indicator studies can also give a clear clinical interpretation.

7.2 Social science: linear model and anova

Owing to the nature of the research problems or the design of questionnaires,
most data in behavioral, psychological and social research are in polytomous
form. In analyzing this kind of data with a multivariate linear model, ignor-
ing the polytomous nature of the data may lead to incorrect results. The vari-

ances of the observed data are crucial in analysis of variance and regression, and
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these variances computed from the observed polytomous data and the underlying
continuous measurements can be very different. We can expect the problem if

treating ordinal data as continuous may be severe in analyzing linear models.

The statistical analysis relating to the covariance matrix of polytomous vari-
ables has received a lot of attention, for example Olsson (1979), Olsson, Drasgow
and Dorans (1982), Lee and Poon (1986), and Poon and Lee (1987) for estima-
tion of polychoric and polyserial correlations; Muthen (1984) and Lee, Poon and
Bentler (1992, 1995) for analysis of structural equation models with polytomous
and continuous variables. However, not much attention devoting to the analysis
of polytomous variables in the context of multivariate linear models that include

the commonly used analysis of variances and regression as special cases.

Consider the following multivariate linear model:

zi:ﬁxi—i—ei,i:l,...,n (71)

where z; is the corresponding latent continuous variable underlying the observed
ordinal variable y;. x; is observed continuous covariate. The multivariate linear
model defined in above equation is rather general, it subsumes models such as

analysis of variance, multivariate linear regression models, etc, as special cases.

For this type of multivariate linear model with polytomous variables, we may
use the MPL approach but extend it to include continuous or categorical covari-
ates. According to the nature of the GCM and CGCM, adding covariates will
not affect the estimation procedure. The only thing change will be the additional
regression parameter 3. That is, instead of z ~ N(0,R), now we have z — fx; ~

N(0,R).

A simple transformation will be enough to apply the MPL method.
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CHAPTER 8

Summary and conclusion

This article develops a MPL-GLS two stage methodology for performing ordinal
data analysis in SEM. Methods are developed for estimation and model compar-
ison (hypothesis testing), in the context of a general model that is common in
behavioral, sociological and psychological research. We show by simulation that
this approach is asymptotically efficient and works reasonably well in small sam-
ples. Parameter estimates especially became acceptable at quite small sample
size, although standard error formulae underestimate empirical variability up to
n = 200. This result is not unexpected since the approach is based on a minimum
chi-square method. It is possible that estimation by least squares, followed up
with corrections to standard error and test statistics, may work better in very

small samples.

This method can also be applied to simultaneous estimation and testing in
a multi-sample context as above. Simulation studies showed that parameter
estimates, standard error estimates and test statistics are acceptable for large

sample size, and comparable to the results from Mplus.

It may be noted that in Table 5.5 the mean parameter estimates always seem
larger than the the true value, thus there might exist some systematic bias. If
this is the case, then a bias correction may be useful. Further, if data is only
marginally bivariate normal distributed, it is interesting to see if MPLE are really

MLE. These are topics for future work.
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CHAPTER 9

Appendix

9.1 GCM gradient and expected hessian

9.1.1 Objective function [,(6)

Q-1 Q ls+1l+1
0) = > Z >N n(i, jls, t)logPr(i, j|s,t) (9.1)
s=1 t=s i=1 j=1

where Pr(i, jls,t) = [j;l—l f:;ﬁl Po(, ?J>Pst)dxdy]

- [(I)Z(a/ia O[zv pst) + (I)Z(aiily O‘g_la pst) (I)Q( at ) pst) (I)Q(a; a/{—l’ pst)]

0=Aal pa;s,t=1,..,Qs#t;m=1,....1:}

a2 is the mth threshold for the sth ordinal variable y,

pst 1s the polychoric correlation for ys and ;.

Q: number of ordinal variables

ls: number of thresholds for the sth ordinal variable, y;.

e [, +1: number of categorical levels for y;.

o Oo(T,y, pst) = 5 exp (—%{fﬁ“‘)ﬂy}, the standard bivariate normal

1—p2
density function with correlation pg.
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CL’2 st T
o Oy(z,y,ps) = 200 [P m exp (—%M)dxdy, the standard bi-

variate normal distribution function with correlation p;.
e n(i,j|s,t): number of observations with y, = i and y, = j.

e Pr(i,j|s,t): bivariate joint probability, Pr(y, = i,1 = j), = ®a(a, o, pet )+
Dyt al ™t par) — Pa(adt ol pe) — Do, of T, per). Note that for w=0
or m=0 or both, ®5(a¥, aj", ps;) = 0.

e It is defined that a? = -co.

9.1.2 Gradient: azgée)

01,(6) _ 0L,(0) 91, (6)
= ; ; =1,... im=1,... 2
89 ( 80[;”’ 9 apst 787t ? 7Q7t # S7m ? 7l8) (9 )

1. 8lP(9) — Zt s lt 1¢1( m)( n(mvj‘svt) n(m+11j|57t) )[@

o —
oar

(Cmly
Pr(m,jlsit)  Pr(m+1,j|s,t)

V 1-p2,

1

i—1
(D Oég —pstay’

e when j=1, ®;(% :/1’)—5’56“ ) = 0;
pst

owhenj:lt—kl,@(\/&) 1.

ol, (6 L1 l+1 n(ij]s,t) i—1
2. 31;;) il + Zt+1 ,?T Z]J‘Sst [¢2(asvat7pst)+¢2( 7042 apst>

- ¢2<Oé?9717at7105t) - ¢2(asaat 7pst)]

o Oo(al af, ps) =0, ifeitherm=0orn=0o0orm=1[;+1lorn=1[ +

1 or any combination of these.

e ¢o(.) is standard bivariate normal density function defined above.

o Oy(z)=[" %dz is the univariate standard normal distribution func-

tion.
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9.1.3 Expected hessian matrix H(0)

Q  le+1l+1 o OlogPr(i, j|s,t), OlogPr(i, j|s,t
HO) = 30 3 5l gls (P I AAP LIy

s It+1 n(i,jls,t) (OPr(i,j|s,t)\ OPr(i,j|s,t
= S S S S g (R ()T

e a. For the position of # corresponding to o’™!, 2 <i < [, +1:

1 OPr(islst) i—1 af ' —psal! o] —psial™"
Wheni > 2, (F—212%) ¢ (ol 1) [P (72— ) — Py (—E=—)] , where ¢
00 s -2, >y

and @, are the standard univariate normal density and distribution function

respectively;

Note f F 1 OPr(i,j|s,t) pstali™t .
ote for = 1, (221) g (oi- 1) (2t
.. l i—1

for i = I 1. (9PrGulst)y _ i1\ —pstQs
or§ = 1y + 1, (275450) = g 17y (e

e b. For the position of § corresponding to o, i = 1,2, ..., I,

- OPr(i,jls,t)\ __ i a{f,os al a{_lf,oS a1 .
When i =12, ..., [, (F5/>>) = ¢1(al)[P( 17;; ) — CDﬂﬁ)] :

Note for ; = 1. (8Er.ilst) i\ (Qh=pualy .
ote Ior ] 7( 90 )¢1(a5) 1(@)’

for j =1, + 1, (22rGilsl)y — g, (o), (2L L10%)

8Pr(i,j\s,t)>

e c. (5 = ¢2(a§,a{,pst) + ¢2(04§_1704717Pst) - ¢2(ai_17@f,0st) -

pa(ad, o, pat), for the position of  corresponding to pa;
Note: ¢o(al, o, psy) = 0, if eitheri=1orj=1lori=1I,+lorj=1 + 1

or any combination of these.

e d. It is symmetric for a, and «;. Therefore, for the position of 6 corre-
sponding to ol ', 2 < j < I, +1, it has the same formulae as (a) except

replacing s by t and i by j wherever they occur.
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e c. Therefore, for the position of @ corresponding to o, j =1,..., l;, it has
the same formulae as (b) except replacing s by t and i by j wherever they

occur.

o f. (W) = 0, for other positions of 6.

9.1.4 An example for expected hessian matrix

Data: 2 ordinal variables y; and ¥, each has 3 categories 1,2 and 3. Thus Q=2,

Iy =2 and I, =2. Parameter § ={al,a?, al, a3, p12}

_ I1+1 lo+1 n(i,j|s,t) OPr(i,j]s,t)\OPr(i,j|s,t)\T
H0) = 235 X% magsar (e (T a0 )
_ 3 3 n(4,411,2) OPr(i,5|1,2) \ ( OPr(i,5|1,2)\T
= X1 Zim B ) ()

e n(i,7|1,2) is number of observations with y;=i and y, = j, i and j could

take values from 1,2 and 3.

o Pr(i,j|1,2) = @2(@§aa§7p12) + q)z(alfl,aéflaplz) - ‘1)2(04?1704%7012) —

@2(0&, @%717 ,012)

e An example:

0
oPr(1,3|1,2)
a0 - 0

~n(d) (@722

¢2(0&, 04;’, Plz) - ¢2(Oé%, a%a P12)

04(1)*,012013) — 0
V 1—p7,

- El’ltI'y 4 came from ¢2<Oé(1)7 a%vplQ) = ¢2(a(1)7 agu Pl2) =0

— Entry 3 came from & (
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9.1.5 Observed Hessian Matrix H,(f)

%1p(0)  821y(0) > lp(0)  0%1y(0) 021y (0)
o(ad)?2  oaloa? 8&%80/52 datori, 801%87“(@,1)@
021,(0) > lp(0)  8%1y(0) 821, (0)
o) 7 a2ge@  00i0ra U7 0aidrq-na
821, (0)
H,(0) 000"
021,(0) 821, (0)
d(r12)? e 8T1287‘(Q71)Q
021, (9)

rg-1)0)?

Because of symmetry, only the upper triangle part is calculated:

A, Pl .

. 5.
da*0al,

o [f a=s, and b=m;

i—1
3 —pstag’

T = Sopa I (02 ([0 (P22 — @ (et

m n(m,j|s, n(m+1,j|s, al —psra™ o sty
[—O‘s (Prwliods — P?E(m—ilﬁlstt ) = Ar(a) (Pr (P ) — By (HEe)
(

17pst 17pst
Jls,t) ) _ n(m+1jlst) )

1’) 11) st
(Faindetls + pamdatl)) — —p (pledet)

Pr(m,j|s,t) Pr(m+1,j]s,t)? \/1 P2,

(0r(S2) — g (el

1 st

Pr(m+1,j|s,t)

e [fa=sand b =m+1,
9y (6) t O‘t. st%s a{_l— st Oy
W = iz 201 dr(af) [P ( \/p—t ) — q’l(ﬁﬂ
)

. Jj—1_ m+1
(1 () gt ( 1(% el ) @y (U2

1ipst
e 0,ifa=sand b > m+1. (b > m in this setup)
o If b =j, a+#s, say a=t:
9%1,(0) n(m,j|s,t) n(m+1,5]s,t) n(m,j+1|s,t)
daroel — P2(0 0, a1 [Pty — Priiard — Primaieg
n(m+1,74+1|s ocﬁL—sa aj—sa;"
P I ] + 61 (af )9251(%){(‘1)1(#) - @1(%))
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—n(m,j+1]|s,t) aanlfpstOéj . ag"*pstaj n(m+1,5+1|s,t) ay *pstaj
P ’jH‘”)z(q) ( Vi-e% vt) o \/Ppitt)) Primetlsae (P10 Vi- pgtt.)
_ amt —Psta al —psra™ —psta n(m,j|s,t) o —psiar)
et - P2 Z))]—i_(q)l( t 1-p2, )= (+ V1-p NlF Pr(m ,Jst)j@)l( \/1*p§tt)
_ ol —pga n(m-+1,5|s,t) o —pstoz . o —psto

Ql( \/l_pit i )) + Pr(m+1,j|s,t)? <(P ( \/1 t) ®1( l—pgtt ))]}

B. P .

* Bamdpay

e [fa=sorb=s, say,a=s

Py(0) syt af —papall — —pspall n(m,j|s,b)

darape = 2=t 1(a){[ P (ﬁ) s ( \/1 pb N=Brim e

(¢2(a£n’ &ba Psb) + ¢2(am— 5 a{)_la Psb) ¢2(a5 5 ab ) psb) - ¢2(am—1’ O‘{)a psb))
2 (¢

+ M ( ml abapsb) + ¢2(a5 >ab apsb) ¢2( ml ag_lvpsb) -

Pr(m+1]|sb
malsh) _ ntortLii) puc - ol pual

¢2(a5 7ab; Psb) ] ( m,j]s,b) pr(m+1’j|s7b))[( — 3/2 ¢1(ﬁ)

)
ool (4 f p;f: )1}

e (, else.

%1, (0) .
" pstOpar

e If ab = st

Zl A Elﬁ_l P”;((?J]“Z ? [(¢2<0437 Oét 5 pst) + ¢2( R Oégil, pst>

(b ( at 7pst) - ¢2( Oét ) pst)] + pf(;]]lfstt [¢2(a57 Oét ) pm&)(#

32+ 2_(1+ aa
_plag) p((l)p)( %) t)+¢2(

p

’ O‘i'_ ) pst)(#

2 Jj—1\2 a a 7 j—
plai=!)2 4 p(ad (1)p2)(21+p> ey ol of L pa) (72
ai 2 a] 1 1 i ] 1 i .
plog)*+p( i(l)pZ)(2+p o ) — ¢2(Oés laag>p8t)
a2 p(ad)2—(14p2)al ol
(1_pr _ plag ) p((12p2)(2 r°) ik
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9.1.6 Observed variance-covariance matrix V

V = H:Y(0)C(0)H; \(0)

n -1 OPr(ys(1),y: (3 -1
0(9) = z’:l(Z?:l Z?:erl pr(ys(%),yt(i)) (ya(g) el )))(Zstl Z?:erl m

OPr(y.(0).1(0) )7
00

All symbols, functions and index are same as those in gradient calculation

n is total number of observations for a data set

Q is total number of ordinal variables

Pr(ys(i),y:(i)) is the bivariate probability for the sth and tth ordinal vari-
ables whose values taken as ith observations. May use the same formula as
in calculation of Pr(i,j | s,t), with i and j’s values are shown from the ith

observation of a data set.

9.1.7 Estimated variance-covariance matrix V

V=H0)COH ) (9.4)

n —1 OPr(ys(i),y: (i
C(Q) = 2':1(2?:1 ZtQ:S+1 Pr(ysé),yt(i)) (y 8(9) yi ( )))

Q-1 —Q 1 OPr(ys(4),ye (()\T
(Zszl Zt:s-l-l Pr(ys(i),y:(3)) y69 “ )

e 1 is total number of observations for a data set
e () is total number of ordinal variables

o Pr(ys(i),y:(i)) is the bivariate probability for the sth and tth ordinal vari-

ables whose values taken as ith observations. May use the same formula as
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in calculation of Pr(i,j—s,t), with i and j’s values are shown from the ith

observation of a data set.

o ogPr(ys(i)ye(i))

5 can be calculated the same way as in Hessian matrix calcu-

lation, see (a)-(f).
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9.2 CGCM gradient and hessian

9.2.1 Standardize X

1. p: sample mean of X, the continuous part of data with dimension r.

2. X sample variance of X. Let 3, be correlation matrix of X, which will

be used below.

3. Standardize X to (X — M)E_%, Replace X by its standardized value.

9.2.2 Objective function [,(6")

L(0") = N, 28 21 logPr(ys(i) = m, v, (i) = j)
=3V S SR log[@a(a+ETx (i), o +67% (i), 7o)+ @o (@l +ETx (i), of T+
EFx(1), 1) — o (@ HET% (1), o +&Fx (), 7ot) — o (T +ETx (1), of T €% (1), 7))

Q: number of ordinal variables

r: number(dimension) of continuous variable x.

em=1...l;+1;n=1, ..., [;+1 are possible values for y, and y;,.

0  ={al &, rs; s, t =1, .., Qt#ssm=1...0l3j=1,..,0}

a2 is the mth threshold for the sth ordinal variable y,

o & =(&L,...,¢) is ar dimension vector; s =1, ..., Q.
e x(i) is the ith observed r dimension vector of x, 1= 1,..., N.
e 1y is the polychoric correlation for ys and ;.

ls: number of thresholds for the sth ordinal variable, y;.

5



ls +1: number of categorical levels for ys.

z24y%—2rssay

1 o
po(x,y, 1) = Fyay ey exp (_W)’ the standard bivariate normal

density function with correlation 7.

x 22 2_ Tt T .
Doz, y,rst) = [T [P W exp (—J;?lffgt)y)d:cdy, the standard bi-

variate normal distribution function with correlation r;.

Pr(m, j|s,t): bivariate joint probability which is not fixed as the GCM, but
now depends on value of X. For the ith observed vector X corresponding
to ys =m,y. = J,

Pr(ys = m,y, = j) = (" + &% (1)), 0f + X3 (i), 70) + (" +
E8%m 3(0))s o HE X5 (), 751) = P (aF T €% 5 (0)), ] HE X5 (), 751) —
Oo(a, o+ &% (1), 7).

Note that for w=0 or m=0 or both, ®o(a¥+&LX,,4,(7)), A +& Xm0 (7)), Tst)
= 0.

o It is defined that a® = -00 and ak*! = oo

9.2.3 Gradient aé*) :

ol,(0%) 0L, (0%) OL,(0%) Ol,(0*) o
o0 = ( Do O Ory ps,t=1,...,Q,tFssm=1,...,05) (9.5)

Al (6" St pyn(majlst) g1 (af'+¢ o, {68 %m j (8) =T st (@ +6T %m ()
o TP =T DTN U g, (S G )

o T €l X, (0)) st (@ €T Xm 5 (1) n(m+Lils,t) 105" +H63 Xm1,4(0))
- &y (F— Vi 2] - s Br(m 115,

(@ (Dm0 ot (O 4 xm 1.0 (0)) gy (A Xm0 (D) —r(o 4 X1 () )

\/1_r§t \/l—rgt

Note: x,, ;(7) denotes the ith of n(m, j|s, t) observed vector x corresponding

to ys =m and y; = J.
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° 35;7(9 ) _Z#S le-H l:l Z;Ll(m,jls,t) %{(bl (o™ + é‘TXmJ( )
al 1 L X, rot(@T+& %, 5 (i a7y L Xm, rot (@l +E€ %0 5 (1
[(I)1< &r ]()\/1i(7«2 ¢r y()))_q)l( T+l ](31,;'2 &l J()))]

ol 16T x,, (i) —rs am ! Txm,;(i
(bl( m-1 +£TXm,j( ))[(I)l( o ’J()\/lt(—r?t = J()))

~ @1(04 €] X (1) — st (a8 €T X 5 (4)) )]

\/1_T§t

}

. 8l§£i ) Zlerll th—i-l Zn(mﬂs ,t) W[Cbz(amﬂLfom,j (2)’ a{+€thmj(i) Tst)

+ gl ! ‘I'fTXmJ( ), O‘t +§t ij( i), Tst) — Qo™ ! +§Txmu() at +
ft X j (1), Tst) — P2(ay’ +§Txmu() O‘t +§t X, (1), Tst)]

e 5(.) is standard bivariate normal density function defined above.

27 dz is the univariate standard normal distribution func-

o Oy(z) = [7

tion.

9.2.4 Estimated Hessian Matrix H(6*)

o 1 APr(ys(9),y: (3)) 1 OPr(ys(4),yt () \T
H(G ) - Z’ 1 Z Zt SH(P?“(yé( i),y (1)) y39* ’ )(Pr(ys(i%yt(i)) y39* ’ )

OPr(ys(4),y: (i OPr(ys(3),y: (i
= S S5 S w2 (G

Suppose ys(i)= m and y,(i)=j, i.e., The ith observed values for y; and y,; are
m, j respectively. m=1, ..., [y +1; j=1, ..., [; +1; Then

e a. For the position of #* corresponding to o™ !, with 2 < m < [, +1:

OPr(ys(4),ye (i m— . ol 7! +€6T'x(3)—rs Oé;n71+ zxi
(2Prlus@aunld)y = ) (a1 + €% (i) [y (5 ()\/1i(r§t x(0))

7



o +67x (i) —rse (08~ +€Tx(3))
CDl( \/1*T§t

normal density and distribution function respectively;

)] , where ¢; and ®; are the standard univariate

b. For the position of 8* corresponding to o', with m = 1,2, ..., [;:

r(ys(2),ye (4 m . od €T x(i)—rse (0 +ETx(i
(PPHUGN) = (0! + €T x(7) [y (TG
Ly (M) ol HEX(@)

\/1—r§t

Note: It is symmetric for a, and «;. Therefore, for the position of 6*

corresponding to ol ', 2 < j < I, +1, it has the same formulae as (a)
except replacing s by t and m by j wherever they occur; for the position of
6* corresponding to of, 1 < j < I, , it has the same formulae as (b) except

replacing s by t and m by j wherever they occur.

c. For the position of §* corresponding to &, &;.

() x(0) {

b1 (P HET (7)) [Py (MmO —ror( ol ETX )y _ gy (i X)) rar 0 +ETx(0) )

\/1_7’§t \/l—rgt

i R m— . i—1 . m— .
¢1(a;n71+€gx(i))[(bl(ai+§?x(%)—rst(as 1+55TX(2)))_(I)1(06§ +€Tx(1)) =75t (T +6Tx(2))

\/1_7”31: \/1_7"§t

}
Note, symmetry applies to &. i.e. for the position of §* corresponding to

&, same formula as (c) except replacing s by t, m by j wherever they occur.

d. For the position of 6* corresponding to 7;
(Pl gy ozt + 7% (1), of + € x(0), 7) + G20l + T x (i), 0f
E8x(i), 1) = Pa(a ™ + €7x(0), of + % (i), ) — d2(al + Ex(0), 0

& x(0), rar)

+
+

OPr(ys(1),y: (i)

S0 ) = 0, for other positions of §*.

o e (
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9.2.5 Transformation

Transform 6* to 0, 0 = {n", cs, pst; s, t=1,...,Q,t #s;m=1,..., 1} .

mo__ oy’
L ?7.9 - / 1
(1+€:8228s) 2
-3
. CS — p mx{s l
(14 52285)2
+HE, San
Tst s&xxSt
® D5t —

(14, Tn€s) (1€, Saar)] 2

9.2.6 Estimated variance-covariance matrix V

_ o
06

06
00~

V= S H OO (0

) (9.6)

* —1 8P7' s ) SYt 7
0(9 ) = Zi\il (Zstl Z?:s—i—l pr(ys(ll‘),yt(i)) (y8(92 d )))

Q-1Q 1 APr(ys(1),y: () \T
(Z= 2t=st1 Pr(ys(i),y:(2)) yae* )

OPr(ys(1),y: (7))

where 57 can be calculated the same way as in Hessian matrix calcula-

tion.

If dim(f) = dim(6*) = M, Then (%9* is M x M matrix. i.e.,

001 001
007 00y,
96 __
00*
001 00
007 00y,
ont 1

m 1
0ag (1+€./323393£S)2
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onm / / 3
angs = _% sasm(l +552m68) 2

9" — ), for other 6.

00*

/ . ’ _1 /
Ocs 7211(14»‘5321163)2+§£3(1+£Szzzgs) 2z
IEs (14+£,0065)

Ocs *
55 = 0, for other 6.

% o Tst
Orst (14 Nuals) (146, Suuts)]

[N

9€s [(1+£;Ezz58)(1+£zzzzgt)]

8p5t

08s °

Opst : .
e, 18 symmetric to

Opst .
a%*t = 0 for other 6*.
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9.3 Multiple groups gradient calculation

In general, the gradient of the minimization function F includes two parts, namely,
the reference group part do°(6) /06" and the non-reference group part do™ () /96’

To simplify the number of parameters, we can generalize 6 as
6 — (040, AO, (I)O, CKnr, Am" Vnr, (Dm"’ \IfnT)T (97)

where o and o™ are threshold parameters for reference and non-reference group
separately; A and A™ are factor loading parameters, ®° and ®"" are factor
variance parameters for reference and non-reference group; v™ and U™ are factor

mean and error variance parameters for non-reference group.

For reference group, 9o°(#)/08' is easy to compute: the threshold part w.r.t it-
selfis 1, and 0 else. We will put emphasis on non-reference group part do™ (0) /06’ .
The vector 0™ (6) includes elements as standardized thresholds and polychoric
correlations for the non-reference groups. To simplify its elements, define the

following notations:

e 077 (0) is defined as the elements of 0™ (6) that correspond to the thresholds

whose ordinal variable has been fixed at 1 on factor loading.

e 077(0) is defined as the elements of ¢""(6) that correspond to the thresholds
whose ordinal variable has free parameter on factor loading, and the free

parameter needs to be estimated.

nr

hd O’COT‘T‘

(0) is defined as the elements of ¢""(#) that correspond to the poly-
choric correlation. This part is already built in EQS and we will not do it

here.

The gradient matrix can be obtained by stacking the rows of different types

of elements in ¢""(#) w.r.t different type of elements in 6.
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9.3.1 ol /0d
° 80.267"/806717’ — ((I)nr + \Ijnr)—Oﬁ

— ®"" is the corresponding factor variance
— U™ is the corresponding error variance

— By corresponding, we mean that each ordinal variable that the thresh-
olds parameter come from has its unique error variance, and its un-

derlying factor has its unique factor variance too.

° ao.%r/aynr — _((Dm" + \I]nr>—0.5

° ad%r/aq)m‘ — ao-%”/a\pnr — _0.5* QT

(q)nT'+\IjnT')1.5

e 0077 /00" = 0 for all other 6.

9.3.2 0o /0d

° ao.;nr/aoénr — (()\m")2q)n'r + \I,nr)—0.5;

_ynr ART PN (T — \PT N
[ ] @U?T‘/aAnr - ((/\n'r‘)2<1>n7‘+\pnr)0.5 - ((/\nr)Q(q)nr+\I/nr)1,5)
nr nr o __ =\
b ao—t /al/ - (()\n'r)Qq)n'r_;'_\I/nr)Oﬁ
. _0.5(>\nr)2 QT —\nrynr
[ J 80-?7‘/8@7” — ((/\nr)Qq)(nr+\I/nr)1.5 )

nr nro__ 70.5(anr7)\nrl/nr)
aat /a\:[j - (()\nr)Zq)n'r‘_;’_\I;n'r)l.S

dap" /0§’ = 0 for all other 6.
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